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Abstract 

We study the structure of quantum Markov Processes from the point 
of view of product systems and their representations. 
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1 Introduction 

A quantum Markov process is a pair, (M, {Pt }t>o)i consisting of a von Neumann 
algebra A4 and a semigroup {Pt}t>o of unital, completely positive, normal linear 
maps on M such that Pq is the identity mapping on M and such that the map 
t — !■ Pt{a) from [0, oo) to A4 is continuous with respect to the cr-weak topology on 
A4 for each a G A4. Over the years, there have been numerous studies wherein 
the authors "dilate" the Markov semigroup {Pt}t>o to an £^o-semigroup, in the 
sense of Arveson ||^ and Powers [T9[ |, of endomorphisms {at}t>o of a larger von 
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Neumann algebra TZ. Depending on context, the process of dilation has taken 
different meanings. Here we mean the following: Suppose A4 acts on a Hilbert 
space H, then a quadruple {K, TZ, {at}t>o, uq), consisting of a Hilbert space K, 
a von Neumann algebra TZ, an £^o-semigroup {at}t>o of *-endomorphisms of TZ 
and an isometric embedding uq : H ^ K, will be called an EQ-dilation of the 
quantum Markov process {M,{Pt}t>o) (or, simply, of {Pt}t>o) in case for all 
T £ M, all S" G 7^ and alH > the following equations hold 

Pt{T) = ulat{uoTul)uQ 

and 

Pt{ulSuo) = ulat{S)uo. 

Our objective in this paper is to prove that if the Hilbert space H on which 
acts is separable, then such a dilation always exists. 

What is novel in our approach is that we recognize the space of the Stine- 
spring dilation of each Pt as a correspondence £t over the commutant of M, 
Ai' ■ (All relevant terms will be defined below.) These correspondences are then 
assembled and "dilated" to a product system {E{t)}t>Q of correspondences over 
A4' , very similar to the product systems that Arveson defined in 1^. Then we 
describe {Pt}t>o explicitly in terms of what we call a "fully coisometric, com- 
pletely contractive covariant representation" of {E{t)}t>Q, denoted {Tt}t>o, in 
a fashion that derives immediately from our work in |p^ . A bit more explic- 
itly, but still incompletely, we find that {Pt}t>o may be expressed in terms of 
{Tt}t>Q via the formula 

Pt{a)^ft{lE(t)^a)f;, 

a £ M and t > 0, where Tt is the operator from E{t) H to H defined by 
the equation Tt{^ (g) ft,) = Tt{£,)h. Then we dilate {Tt}t>o to what is called 
an isometric representation {Vt}t>o of {E{t)}t>a on a Hilbert space K. If uo : 
H ^ K \s the embedding that goes along with {Vt}t>Vl^ the we find that Tf (^) = 
UQVt{C)'^Q for all ^ e E{t) and that the i?o-semigroup of endomorphisms {at\t>Q 
that we want is given by the formula 

at{R)^Vt{lE[t)®R)V:, 

where R runs over the von Neumann algebra TZ generated by {ai(uo-'^'^o)}t>o- 
That is, {K,TZ, {at}t>o,uo) is the dilation of {M, {^t}t>o)- 

An important part of our analysis was inspired by Bhat's paper Recently, 
Bhat and Skeide Q have dilated a quantum Markov process {M, {Pt}t>o) using 
a product system over the von Neumann algebra 7W (ours is over A4'). The 
precise connection between their work and ours has still to be determined. How- 
ever, what we find attractive about our approach is the close explicit connection 
between dilations of quantum Markov processes and the classical dilation theory 
of contraction operators on Hilbert space pioneered by B. Sz-Nagy (see |2^). 
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In the next section we develop the theory of correspondences over von Neu- 
mann algebras sufficiently so that we can link up with theory developed in in 
which representations and dilations of C*-correspondences are considered. We 
also show how what we call the Arveson correspondence £p associated with the 
Stinespring dilation of a completely positive map P can be dilated to a bigger 
correspondence E in such a way that a certain completely contractive covari- 
ant representation of E that gives P is dilated to a fully coisometric, isometric 
representation of E. This representation of E gives a "power" dilation of P. 

Then, in Section 3, we construct a "discrete" dilation (iiT, 7^, {at}t>o, uo) of 
the quantum Markov process {M.,{Pt\t>o)- It is here, following ideas devel- 
oped in Section 2, that we dilate the family {£-Pt}t>o to a product system of 
correspondences {E(t)}t>Q over M' . In Section 4, we show that if the Hilbert 
space on which M. acts is separable, then the dilation (if, 7?., {at}f>o, uo) we 
construct in Section 2 is, in fact, an i?o-dilation. 

We adopt the standard notation that if A is a subset of a Hilbert space iJ, 
then [A\ will denote the closed linear span of A. 

2 Dilations of Completely Positive Maps 

Throughout, M. will denote a von Neumann algebra. While much of what we 
will have to say about von Neumann algebras can be formulated in a space-free 
fashion, it will be convenient to view M as acting on a fixed Hilbert space H. 
Thus, we will work inside B{H), the bounded operators on H. Also, throughout, 
P will denote a fixed completely positive, unital and normal map from A4 to 
A4. We need to call attention to specific features of the minimal Stinespring 
dilation of P H 0, |. 

Form the algebraic tensor product, M.® H and define the sesquilinear form 
(■, •) on this space by the formula 

(ri®/li,T2®/l2) = (/ll,P(T*Ti)/z2), 

Ti ® hi & A4 (S> H . The complete positivity of P guarantees that this form is 
positive semidefinite. Therefore, the Hausdorff completion of M.®H is a Hilbert 
space, which we shall denote hy M®p H. We shall not distinguish between an 
element va. M. ® H and its image vn M ®p H . The formula 

TTp{S){T®h) ST®h, 

S G M, T ®h G M®p H defines a representation of on M ®p H that is 
normal because P is normal. Also, the formula 

Wp{h) -.^Kgjh, 

h € H, defines an isometric imbedding oi H in Ai ®p H, and there results the 
fundamental equation 

P(T) = WpT:p{T)Wp, 
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T £ A4. It is an easy matter to check that A4 (g)p H is minimal in the sense 
that the smaUest subspace of M (^p H containing WpH and reducing np is ah 
of Mf^pH. Consequently, the triple (ttp, M®pH, Wp) is the unique minimal 
triple, (tt, K, W), up to unitary equivalence, such that 

P{T) ^ W*'k{T)W, 

T ^ A4. We therefore refer to {irp, M (S)p H, Wp) as the Stinespring dilation of 
P. 

The adjoint Wp of the isometric embedding Wp of in (E>p H has an 
explicit form that we will need throughout our analysis: 

Wp{X®h) = P{X)h,X®hc,M®H. (1) 

This is easy to see because 

{W*p{X ® h), k)^{X(g) h, Wpk) = {X (g) h, I (g) k) = {h, P{X*)k) = {P{X)h, k). 
A space of critical importance for us will be the intertwining space. 

Cm {H, M ®p H) := {X : H ^ M ®p H \ XT = ttp{T)X, T e M}. 

That is, Cm{H,A4 ®p H) is the space of operators that intertwine the iden- 
tity representation of A4 on H and Tip. This space turns out to be a W*- 
correspondence over the commutant Ai' of A4. The notion of a PF*-correspondence 
is fundamental in this study, and therefore we pause to develop the terminology 
and to cite some important facts. 

We follow Lance ||l^ for the general theory of Hilbert C*-modules that we 
shall use. In particular, unless indicated to the contrary, a Hilbert module X 
over a C*-algebra A, will be a right Hilbert C*-module. We write C{X) for the 
space of continuous, adjointable A-module maps on X (which we shall write on 
the left of X) and we shall write IC{X) for the space of (generalized) compact 
operators on X, i.e., IC{X) is the span of the the rank one operators ^ ij*, 
^,71 ex, where e r/*(C) =C(77,0- 

Definition 2.1 Let A and B he C* -algebras. A C* -correspondence from A to 
B is a Hilbert C* -module X over B endowed with the structure of a left module 
over A via a *-homomorphism ip : A C{X). A C* -correspondence over A is 
simply a C* -correspondence from A to A. 

When dealing with specific C*-correspondences, X from a C*-algebra A to 
a C* -algebra B, it will be convenient to suppress the in formulas involving 
the left action and simply write or a • ^ for (p(a)^. This should cause no 
confusion in context. 

C* -correspondences should be viewed as generalized C*-homomorphisms. 
Indeed, the collection of C*-algebras together with (isomorphism classes of) 
C*-correspondences is a category that contains (contravariantly) the category 
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of C*-algebras and (conjugacy classes of) C*-homomorphisms. Of course, for 
this to make sense, one has to have a notion of composition of correspondences 
and a precise notion of isomorphism. The notion of isomorphism is the obvious 
one: a bijective, bimodule map that preserves inner products. Composition 
is "tensoring": If A" is a C*-correspondence from A to B and if 3^ is a cor- 
respondence from B to C, then the balanced tensor product, X 03 y is an 
A, C-bimodule that carries the inner product defined by the formula 

(6 '»Vi,i2<»V2)xcs By — {Vi,'Pi{^i,S.2)x)V2)y- 

The Hausdorff completion of this bimodule is again denoted by X ®s y and is 
called the composition of X and y. At the level of correspondences, composition 
is not associative. However, if we pass to isomorphism classes, it is. That is, 
we only have an isomorphism {X ^ y) ^ Z :^ X (^^ {y ^ Z). It is worthwhile 
to emphasize here that while it often is safe to ignore the distinction between 
correspondences and their isomorphism classes, at times, as we shall see, the 
distinction is of critical importance. 

If TV is a von Neumann algebra and if A:" is a Hilbert C*-module over Af, 
then X is called self-dual in case every continuous A/'-module map from X 
to J\f is implemented by an element of X, i.e., in case there is an ^$ G A:" so 
that $(^) = ^ & X. There is a topological characterization of self-dual 

Hilbert C*-modules over von Neumann algebras given in ^ that will be useful 
for us. To state it, recall that their cr-topology on a Hilbert C*-module X over 
a von Neumann algebra Af is the topology defined by the functionals 

oo 

/(■) := XI 

where the ry^ lie in X, the Wn lie in TV*, and X^ll^nll \\Vn\\ < oo- Baillet, 
Denizeau, and Havet proved that a Hilbert C*-module X over a von Neumann 
algebra TV is self-dual if and only if the unit ball in X is compact in the cr- 
topology ^, Proposition 1.7]. In Paschke proved that if A" is a self-dual 
Hilbert C*-module over a von Neumann algebra TV, then C{X) is a von Neu- 
mann algebra, i.e., C{X) is a C*-algebra which is also a dual space and which, 
therefore, may be represented faithfully on Hilbert space in such a way that the 
weak-* topology on C{X) coincides with the a-weak topology on the image. 

Definition 2.2 Let A4 and M be von Neumann algebras and let X be a Hilbert 
C* -module over Af. Then X is called a Hilbert IF*-module over Af in case X is 
self-dual. The module X is called a VF* -correspondence from to TV m case X 
is a self-dual C* -correspondence from AA to Af such that the *-homomorphism 
if : A4 'C(Tf ) giving the left module structure on X is normal. 

It is evident that the composition of ly* -correspondences is again a W*- 
correspondence. The following proposition shows one way to construct W*- 
correspondences . 
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Proposition 2.3 Let H and K he Hilbert spaces. Let Ai be a von Neumann 
algebra on I'C , let M be a von Neumann algebra on H, and let y C B{H,K) 
be a a-weakly closed linear space of operators. Suppose that AiyAf C y and 
that y*y {Y*Y \ Y ^y] is contained in M. Then y is a self-dual Hilbert 
W* -module over M that has the structure of a W* -correspondence from A4 to 
J\f . Further, the a-topology on y coincides with the a-weak topology on y as a 
subspace of B{H, K). 

Proof. It is evident that y has the structure of a C*-correspondence from A4 
to J\f. The main point of the proposition is the assertion about self-duahty and 
the topologies. The functionals / defining the a-topology are of the form /(•) := 
J2'^=i WniiVn, •)) where the rjn lie in y, the Wn lie in A/"*, and J2 ll'^nll \\Vn\\ < oo. 
Evidently, each of these is cr-weakly continuous. Conversely, given a functional 
on y of the form g{Y) = (Yh, k), we may assume that k is in the closed span 
of {Yh \ Y £ y, h £ H} and approximate g in norm by functionals of the form 

r r 

~g{Y) = ^(y;i,y„,/i:„} = Y,{Y*Yh„,,h'j. 

m— 1 m— 1 

Each of these functionals is continuous in the cr-topology. Since the space of 
(T-continuous functionals is a Banach space §, 1.2], the functional Y (Yh, k) 
is in this space, and so is every cr-wcakly continuous functional on 3^. It follows 
that the two topologies coincide on y. Since the closed unit ball in y is cr-weakly 
compact, it must be compact in the cr-topology. By Proposition 1.7], y is 
self-dual. ■ 

Remark 2.4 (i) The theory developed in ^ can be used to prove a converse 
to this result: Given a W* -correspondence y from A4 to M, then there are 
faithful normal representations tt : — > B{K) and p : J\f B{H) and there 
IS a linear map <^ : y ^ B{H,K) such that ^{ip{T)YS) = TT{T)<i>(Y)p{S) 
and p{{X,Y)y) = $(X)*$(y) for all X,Y £ y, T e M, and S £ N, and 
such that $ is a homeomorphism with respect to the a-topology on y and the 
a-weak topology on Thus, in a sense, the construction in Proposition \2.^ 

is universal. 

(ii) Suppose X is a self-dual Hilbert W* -module over a von Neumann algebra 
Af and that tt : — s- C{X) is a C* -homomorphism on the von Neumann algebra 
A4. Then tt is normal if for every bounded net {Aa} C A/", with Aa — > A weakly, 
every g £ J\f^: , and every X,Y £X, we have g{{Tr{Aa)X,Y)) ^ g{{Tr{A)X,Y)). 
This follows from the fact that C{X) is the dual space of the tensor product 
X (8) X* (g) A/"* equipped with the greatest cross norm JT^ , Proposition 3.10]. 

Proposition 2.5 Let {np, A4 H,Wp) be the Stinespring dilation of a com- 
pletely positive map P on the von Neumann algebra A4 . Then Cm [H, A4 (Xip H) 
is a a-weakly closed subspace of B{H,A4 ^p H) that is closed under left mul- 
tiplication by I ® M.' and right multiplication by M.' and has the property that 
Cm{H,M®p H)*Cm{H,M®p H) C M'. Thus Cm{H,M ®p H) has the 
structure of a W* -correspondence over A4' . 
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Proof. Evidently, ii X e £m{H,M (8)p H) and T e M' , then XT G 
£m{H,M(E)p H). Indeed, if S* e 7W, then XTS* = XST = ttp{S)XT, showing 
that XT G CM{H,M(i)pH). Also, ifX,r G ^^(i/, (^pi?), then X*r G M' 
because for ah T e M, X*YT = X*7rp(r)r = TX*r. Thus, by Proposition 
2.3, it remains to give the left action of A^'. On the face of it, this is evidently 
given by the formula ip{T) = I ^ T, T ^ M.' . However, the meaning of / (8) T, 
T G TW, and the expression I®M' , need a httle development. For T G M' , we 
prove that the algebraic tensor product I ®T \s bounded as follows: Observe 
that for Yl^=i Si® hi € M (Si H, we have 



i=l 



= (/ 5, ® h,), 1 T{J2 S^ ® h,)) 

1=1 i=l 
n n 

= {{Y,S,®Thi),{Y,S,®Th,)) 

n 

= Y,{Th,,P{S*Sj)Th,) 

n 

= Y,{h,,T*P{S*Sj)Th,). 

However, since P is completely positive the operator matrix {P{S*Sj)) is a 
positive element in Mn{M') and so can be written as C*C, for an element 
C G Mn{M'). Therefore, {T*P{S*Sj)T) = f*C*Cf ^ C*f*fC < \\TfC*C, 
where T is the n-fold inflation of T. Consequently, the last term in the displayed 
equation is dominated by 



\\Tf {h,,T*P{S:S,)Th,) = \\T\\ 



CYs^(E)hi) 



i=l 



Thus I ® T extends to an element in 7rp(A4)', which we continue to denote 
by / T. The collection of all these operators on M ®p H is denoted by 
/ ® A4'. Evidently, the map T ^ / (3 T is a (not-necessarily-injective) normal 
*-homomorphism of M' onto its range. Nevertheless, we denote the range 
by / (8) M' and note that Cm{H,M. ®p H) is a left M.' module through this 
homomorphism. Since Cm{HtM®pH) is manifestly tr- weakly closed, the proof 
is completed by appeal to Proposition ^.3| . ■ 

For our purposes, a drawback of Cm {H, M (Xip H) is that it is a space 
of operators acting between two different Hilbert spaces. We want to "pull 
Cm{H,M (8)p H) back" to H using Wp and the following device that is due 
to Arveson Q. Given Y G B{H), and S 'S h in the algebraic tensor product 
M H, we set 



$y(S'® /i) := SY*h, 
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and extend $y by linearity to a densely defined linear map from A4 (Xip H to 
H with domain M H. We write £p for the space of all operators Y G B{H) 
such that is continuous. (In this case, of course, we continue to write 
for the unique continuous extension to all of ^4 <Sip H.) 

Proposition 2.6 The space £p is a linear space that is stable under left and 
right multiplication by elements from A4', and the pairing {Y, Z) := ^y^*z 
converts £p into a W* -correspondence that is isomorphic to Cm{H,M ®p H) 
under the map Y i— > $^ . 

The advantage of £p over Cm{H,AA <8)p H) is not only that £p C B{H), 
but also, as we shall sec shortly, given two completely positive maps P and Q 
on A4, the relations among fp, £q, and £pQ are easier to work with than those 
among Cm{H,M (g)p H), Cm{H,M H), and jCm{H,M <8)pQ H). 

Proof. Evidently, £p is a linear space. For R e Ai' and Y E £p, ^yr = 
R*^Y, and so £pM' C £p. For the other side, fix y e fp and T e M'. 
Then for {J2ti Si hi) £ M ® H, $ty (Er=i ^i ® hi) = YJ"i=i SiY*T*hi = 
3>y(X;r=i Si «) T*hi). Therefore $Tr = ^y{I <8) T*) onM(giH, showing that 
$TY is bounded; i.e., M'£p C fp. 

Next note that iov Y e £p, S,T e M, and h G H, 

$y(7rp(r)(S' ® h)) = $y(TS' ® /i) = TS'r*/^ = r$y(5' ® /i); 

i.e., $Y7rp(T) = T<I>y. Taking adjoints, we conclude that $y e Cm{H,M (gip 
i?). Thus, from the properties of Cm{H, M ®p H), we know that the formula 
{Z.Y) := $2$^, defines an '-valued function on £p. In fact, it is clearly 
an A^'-valued sesquilinear form, since ^yr = R*^y and $ty = ^y{I ® T*), 
R,T G M', and it is clearly positive semidefinite. It is definite because if 
(Y, Y) = $y$;, = 0, then $y = 0, and so TY*h = for all T e and heH. 
Taking T = / we conclude that Y = 0. 

The map Y preserves inner products by definition. Further, it is a bi- 

module map since ($yp)* = (i?*$y)* = $yi?, and ($py)* = ($y(/® i?*))* = 
(/ig)i?)$y, for ah R e M'. Thus, to show that £p is isomorphic to jCm{H,MiSip 
H) under this map, we need only show that it is onto. However, we assert that 
for all X e Cm{H, M®pH), X = ^l-„*xy Indeed, for h, h' G H, and S € M, 
the fact that {I ^ S)X = XS implies that 

^{W}.x) {S(E)h) = SX*Wph = SX*{I (S) h) 
= X*{S (g> I){I (8>h)= X*{S 18) h). 

This shows that (WpX) is in £p and that X = $*^.^^. The facts that £p and 
Cm {H, M.®p H) are isomorphic and that Cm {H, M.®p H) is self-dual imply 
that £p is self-dual. ■ 

Definition 2.7 The W* -correspondence £p over M.' associated with a normal, 
unital completely positive map P on a von Neumann algebra M. will he called 
the Arveson correspondence associated with P. 
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The following corollary is immediate from the self-duality of the spaces in- 
volved. We call attention to it because it will be used several times in the 
sequel. 

Corollary 2.8 // a subspace y of Ep or oj Cm{,H^ M. ®p H) has zero annihi- 
lator, i.e., if — 0, then y is dense. 

A special case of our analysis so far needs to be singled out. Suppose that 
P = a is a unital, normal, *- endomorphism of A4. (All endomorphisms will 
be unital, normal, and preserve adjoints.) Then H is isomorphic to H 

under the map T ® h ~* a{T)h, which is — W*. Further, tt^ is unitarily 

equivalent to a. Thus, we may identify £p ~ 6^ directly with Cm{H, M. ®p H) 



as in the following corollary of Proposition 2.6 



Corollary 2.9 IJ a is a unital, normal, ^-endomorphism of A4, then £a = 
{X e B{H) I XT = a{T)X, T e M} with the inner product (Xi, X2) = XIX2. 

The next lemma may seem like a technicality, but among other things, it 
establishes that the modules Cm {H, Ai ®p H) and 8p are nonzero. It plays 
other useful roles in the sequel. 

Lemma 2.10 In the setting of a normal, unital completely positive map P on 
M. that we have been studying, 

M(S)p H = \/{^^{H) \ Y e£p} = \/{X{H) \ X e Cm{H,M®p H)}. 

Proof. Since ttp is a normal ^-representation, its kernel is of the form 
AAq for a central projection q. Write tt' for the representation of M that is 
reduction by /-g, i.e., tt'{S) = S{I-q). Then for S € M, \W{S)\\ = ||7rp(S')||, 
so that tt' and ttp are quasiequivalent. If Q is the projection of M ®p H onto 
\J{X{H)\X e Cm{H,M®pH)}, then for every L C Cm{H,M®p H), L{H) 
is 7rp(A^)-invariant. Hence Q £ 'Kp{AA)' . If tto is the reduction of ttp to the 
range of I — Q, then, on the one hand, ttq < ttp and on the other, ttq is disjoint 
from tt' . Since tt' is quasiequivalent to ttp we conclude that ttq = 0, i.e., that 
Q = I. m 

We next want to illuminate the relation between the composition of two 
completely positive maps on M and the composition of their Arveson corre- 
spondences. This was worked out in the case when A4 — B{H) by Arve- 
son in ^, Theorem 1.12]. Given two normal, unital completely positive maps 
P, Q : — » A^, we shall write m for the multiplication map from £p ®m' 
to B{H). That is, 'm{Y ® Z) = YZ. 

Lemma 2.11 The range of m is contained in £pQ. 

Proof. First observe that if Y ^ £p, ii A = {uij ) is a positive semidefinite 
element in Af„(A^), and if h = (hi, /12, . . . , /i„) is an n-tuple of elements from 
H, then 

Ai/2(r*0/)h ' < \\^Yf{K,J2Pi^^M- (2) 
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To see this, note that if ^ is a diad, i.e., if A has the form 



, Sn)*{Sl, S2, ■ 



then the left hand side of the inequahty is simply ||^ SiY*hi\\^, while the right 
hand side is \\^y\\ IE . So, the inequality is valid by definition. How- 

ever, every non-negative A S Mn{M) is a sum of diads. (See Lemma 3.11].) 
So the inequality is valid as claimed. 

Now fLxY e £p, Z e £Q,J2St^h^ e M(g) H. Then 



S,{YZYh, ^\Y^S,Z*{Y*h, 



< 11$; 



Y*h, 



= \\'S>zf{J2Y*h,,QiS:S,)Y*h,) 
= \\<!>zf\\iQ{S:S,))'/^{Y*(g>I)h 



< 11*5 



|2 /V^ 



h,,PiQ{S:S,))Y*h,) 



■ipQhr 



Thus YZ G 



This shows that ^yz is bounded, and that H'I'yzII < ||$z 
^PQ- ■ 

We also want to express m in terms of the space Cm {H, A4 (8)p H) . For this 
purpose, fix two normal, unital, completely positive maps P,Q : M ^ M. We 
define amap * : Cm{H,M®pH)®m' i^M{H,M®QH) Cm{H,M®qM®p 
H) by the formula '^{X®Y) = {I®X)Y, where I®X is the map ivom. M®qH 
to M (8)Q M^pH given by the equation I®X{S®h) = S® Xh. We also define 
a map Vo : M®pqH ^ M®qM®pH Ymthe equation Vo{S ®h) = S ® I 
and we define V : Cm {H,M ®p H) ^ Cm {H,M®q M®p H) by the formula 
V{X) = VqX. 

Proposition 2.12 In the notation just established, 5* is an isomorphism of 
correspondences and V is an isometry whose range is {X G CMiH, M®qM.<®p 
H) \X{H) <ZM®qI®pH}. Further, if we write Up : £p ^ Cm{H,M®pH) 
for the isomorphism defined above, and similarly write Uq and Upq, then 



showing that m is coisometric and m* is isometric. 



(3) 



Proof. On the one hand, 'if{X(g)Y)*^{X'(g)Y') = Y*{I (S) X*){I (g) X')Y' = 
Y*{I'S)X*X')Y' - the inner product in Cm{.H,M®q M(gpH). On the other 
hand, recall that the left action of Z G AA' on Cm{H, Ai ®q H) is given by 
the equation (/ (g) Z)Y , Y e Cm {H, M ®q H). Consequently, in Cm (H, M®p 
H) (^M' Cm{H,M®q H), 

{X ®Y,X'® Y') ^ {Y, {X, X')cMHM^.H}Y')cMH.M^cH) 

= {Y, (/ ® X*X')Y')c^^H^Mi,^H) =Y*{I® X*X')Y'. 
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Thus 4" preserves the inner products. 

To see that is a bimodule map, let S e M', X G Cj^iH, M ®p H), and 
Y & Cm{H,M®qH). Then 

^{S{X ® Y)) = *((/ ® S)X ® Y) 
= {I®{I®S)X)Y 
= {I ® I ® S){I ® X)Y 
= S-<^{X®Y), 

while 

^{X ® YS) ^{I® X){YS) = ((/ ® X)Y)S = ® Y)S. 
To see that ^I* is surjective, we use the fact that Cm {H, M.®qA4®pH) is self- 



dual (see Proposition p.3[ ) and show that (Im^I') = {0}. Corollary 2.8, then, 
will yield the result. If Z annihilates Im then for every X e Cj^ {H, A4®p H) 
and for every y e Cm{H,M®qH), Y*{I®X*)Z = 0. Observe that {I®X*)Z 



is a map from H to JV[ ®q H. By Lemma ^2.10 , M. ®q H is the span of Y{H), 



Y e Cm{H,M®qH). Consequently, njkerF* | Y e Cm{H,M®qH)} = {0}. 
Since Y*{I ® X*)Z = for aU such F, we conclude that (/ ® X*)Z = for all 
X e CmIh,M ®p H). By Lemma again, n{kerX* \ X e CMiH.M ®p 



H)} = {0}, and so Z = 0. 

Turning now to V , note that it is an easy matter to check that Vq is an isom- 
etry. Consequently, for X e Cm{H,M ®pq H), V{X)*V{X) = X*V^VoX = 
X*X. So V is isometric. Also, it is evident from the definitions that is a 
bimodule map and that its image is {X G Cm{H,M ®q M ®p H) \ X{H) C 
M.®qI®pH}. Thus, we are left to prove equation (||). To this end, let Y & £p 
and let Z ^ £q. As an equation between maps from Ai ®pq H to iJ, the re- 
lation <^z{I ® $y)Vo = ^YZ is immediate. Therefore, = ^o*(-^ ® $y)<i>^. 
Since Up{Y) = <^^, Uq{Z) = $| and m{Y ® Z) = YZ, we find that 

UpQm{Up' ® Uq'){^*y ® - Upq{YZ) = ^*yz 

= Fo**($^ ® $2) = ® 



Corollary 2.13 Under the hypotheses of Proposition 2.1 



\J{T{H) I T e Cm[H, M®qM®p H)} ^ M®qM®pH. 

Proof. The span \I{T{H) \ T e Cm{H,M ®q M ®p H)} contains the 
span ®X)Y{H) \ X e Cm{H,M®p H), Y e Cm{H,M®q H)}. But 

using Lemma [2.10 twice, we see that this space is V{(^ ® X)(M ®q H) \ X G 



Lm{H,M®p H)} ^ M®q M®p H. 

Although the product of two correspondences associated with completely 
positive maps does not coincide with the correspondence of the product of the 
maps, there are important special situations when they do. This, and more, is 
spelled out in the following proposition. (For a related result, see Theorem 
2.12].) 
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Proposition 2.14 (1) If a £ Aut{M), then E^-^ = S*a> '"^'^ ^a^a ^%^a 
are a-weakly dense in A4' . In particular, Ea is an Ai' —M.' equivalence bimodule. 

(2) If a is an endomorphism of Jvi and if Q is a normal, unital, completely 
positive map of Ai, then the multiplication map m : Ea®M'£Q ^ £aoQ, defined 
above, is an isomorphism. 

(3) If a G Aut(A4) and if P is a normal, unital completely positive map, 
then the map m : Ep ®ai' Ea —> Epaa is an isomorphism. 

(4) If P and Q are conjugate normal, unital completely positive maps (i.e., 
if there is an automorphism a of M such that P = a o Q o a^^ , then 

Ep ^ Ea®M' £q®M' ^a- (4) 

In particular, {A4',Ep) and {A4',Eq) are strongly Morita equivalent in the sense 

of!!! 



We note for the sake of emphasis, that the tensor products described in 
equation are reaHzed through operator multipHcation and adjunction. That 

is, if R and T e f „ and 5 G En, then T* € E^ and R (g) S (g) T* = RST*. 



Proof. (1) By CoroUary E^ = {X e B{H) \ XT = a{T)X, T e M}. 
The inner product is given by the formula {Xi,X2) = X'^X2. It foUows easily 
that Ea-i = Ea and that E^Ea C M'. In fact, the cr-weak closure of E*Ea is a 2- 
sided ideal in A4', and therefore is of the form qAi', for some central projection 
in A^'. However, given X S Ea-i, with polar decomposition X = V\X\, we 
see that V G Ea-i and VV* is the projection onto the closure of the range of 
X. Since VV* G ^^-if * i = EgEg C qM', the range of X is contained in the 



range of q. However, Lemma 2.10 implies, now, that q — I; i.e., that E*Ea is 



cr-weakly dense in A4'. Hence, Ea is a normal equivalence bimodule. 



(2) From Proposition 2.12, we know in general that m is an isomorphism if 
M (giQ I igip H = M (g)Q M (8)p H. If P = a is an endomorphism of M, then 
for every T,S £ A4 and h,k £ H, we have 

{T®h-I(g a{T)h, S (g) k)M®^H ^ {T ®h,S ®k) - {I ® a{T)h, S®k) 

= {h, a{T*S)k) - {a{T)h, a{S)k) = 0. 

Hence T®h = I®a{T)h and so M®aH = I®II H- Thus, M®QM®aII = 
M. ®Q I ®a H, as required. 

(3) As in (2), we need to show that Ai ®a I ®q H coincides with Ai ®a 
M ®Q H. This is obvious, since for aU S,T £ Ai, and h £ H, S ®T ® h = 
Sa-^{T)® I ®h. 

(4) From (2) and (3), we know that Ep 2^ Ea®EQ ®Ea, and (1) implies then 
that Ep®Ea — Ea ®Eq. Part (1) also asserts that Eq is an TW'-A^'-equivalence 
bimodule and so Ep are strongly Morita equivalent in the sense of ||l^. ■ 

Although Ep ® Eq ^ EpQ, and especially, Ef"' ^ Ep^ in general, we shall 
soon sec that it is possible to "dilate" Ep to a correspondence Ta where a is 
an endomorphism of the commutant an isomorphic copy of A4' . We then have 



j7^n ^ J^^„^ by part (2) of Proposition 2.14. This a, then, will turn out to be a 
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"dilation" of P. To effect this program, we require some of the technology from 
[ p^ . Wc generally adopt the terminology and notation of but with some 
minor modifications because we are working in the category of von Neumann 
algebras and normal maps - representations, and completely positive maps. 

Definition 2.15 Let £ be a W* -correspondence over a von Neumann algebra 
J\f and let Hq be a Hilbert space. 

1. A completely contractive covariant representation of £ in B(Hq) is a pair 
(T, cr) , where 

(a) a is a normal ^-representation of M in B{Hq). 

(b) T is a linear, completely contractive map from £ to B{Hq) that is 
continuous in the a-topology of ^ on £ and the a-weak topology on 
B{Ho). 

(c) T is a bimodule map in the sense that T(S^R) = a{S)T(S^)a{R), 
^e£, and S,ReJ\f. 

2. A completely contractive covariant representation (T, cr) of £ in B(Hq) is 
called isometric in case 

m*T{rj)^a{{^,v)), (5) 

for all ^, 77 € £. 

To lighten the terminology, we shall refer to an isometric, completely contrac- 
tive, covariant representation simply as an isometric covariant representation. 
There is no problem doing this because it is easy to see that if one has a pair 
(T, a) satisfying all the conditions of part 1 of Definition p. 15 , except possibly 



the complete contractivity assumption, but which is isometric in the sense of 
equation (j^), then necessarily T is completely contractive. 

The theory developed in |^ applies here to prove that if a completely con- 
tractive covariant representation, (T, cr), of £ in B{H) is given, then it deter- 
mines a contraction T : £ ®„ H ^ H defined by the formula T{ri (g) h) := T{ri)h, 
rj (g) h Q £ ®cr H. Here, £ H denotes the Hausdorff completion of the al- 
gebraic tensor product £ ® H 'u\ the pre-inner product given by the formula 
{^<E)h,r](E)k) := {h,a-{{(^,r]))k). (See [|l3|. Lemma 3.5].) Also, there is an mrfMced 
representation : C{£) B{£ (8)^ H) defined by the formula cr^{S) :— S I 
[ p^ Lemma 3.4]. Recalling that C{£) is a von Neumann algebra, it is not hard 
to see that is a normal representation. The operator T and are related 
by the equation 

fa^ oip = af. (6) 

In fact we have the following lemma that is immediate from ]|l^ and |l^. See, 
in particular, ]0, Lemmas 3.4-3.6] and (mI Lemma 2.1]. 
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Lemma 2.16 The map (T, a) ^ T is a bijection between all completely contrac- 
tive covariant representations (T, a) of £ on the Hilbert space H and contractive 
operators T : £ H ^ H that satisfy equation (j^. Given such a T satisfying 
this equation, T , defined by the formula T(^)h := h), together with a is 
a completely contractive covariant representation of £ on H. Further, {T,a) is 
isometric if and only if T is an isometry. 

We note in passing that this lemma shows that the cr-weak continuity of T 
really depends only on the fact that a is normal. 

The map ^I^ : C{£) B{H) defined, then, by the formula 

■.= fa^{S)f*, 

S G C{£), evidently is completely positive, normal, and contractive. 

Definition 2.17 Given a completely contractive covariant representation (T, a) 
of £ in B{H), the map 5* is called the completely positive extension of {T,a), 
and the representation {T,a) is called fully coisometric in case ^(/g) = Ih- 

The terminology is reminiscent of the theory of a single contraction. A com- 
pletely contractive covariant representation (T, a) is isometric precisely when T 
is an isometry. Likewise, it is fully coisometric precisely when T is a coisometry. 
The map \[' is a normal *-representation precisely when (T, a) is isometric and 
it is a unital *-representation precisely when (T, a) is both isometric and fully 
coisometric. (We have, however, resisted the temptation to call (T, a) unitary 
in this case.) Our next result, which is a variant of Corollary 5.21], shows 
that a completely contractive covariant representation (T, a) can be dilated to 
an isometric covariant representation in the following sense. 

Theorem and Definition 2.18 Let £ be a W* -correspondence over a von 
Neumann algebra J\f and let {T, a) be a completely contractive covariant rep- 
resentation of £ on the Hilbert space H. Then there is a Hilbert space K con- 
taining H and an isometric covariant representation {V, p) of £ on K such that 
if P is the projection of K onto H , then 

1. P commutes with p(M) and p{A)P = a{A)P, A G Af; and 

2. for all r] G £, V{ri)* leaves H invariant and PV{ri)P ~ T{r])P. 

The representation (V, p) may be chosen so that the smallest subspace K 
containing H that reduces {V, p) is K. When this is done, is unique up 

to unitary equivalence and is called the minimal isometric dilation of (T, a) . 

Further, if {T,a) is fully coisometric, the (unique minimal) isometric dila- 
tion (V, p) is fully coisometric, too. 

Proof. One can construct a proof following the steps leading to Theorem 
3.3 and Corollary 5.21 in However, continuity issues must be dealt with 

along the way and one needs to observe that the ideal J discussed there plays 
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no role here. Rather than doing this, it is easier and it may be more reveahng to 



appeal to Lemma 2.16 and simply write down the operator V and representation 
p that lead to the dilation {V, p) of {T,a). The remaining details will be very 
easy to verify. 

To this end, let A = (/ - f*f f'^ and let V be its range. Then A is an 
operator on £ H and commutes with the representation o ip oi TV, by 
equation (|^). Write ai for the restriction oi o ip to V. Let 02 = af o ip 
on £ (^cri T^, and let (73 = erf o on f (^^2 T^)- It is easy to see that 

(T3 is naturally unitarily equivalent to erf o (^2 on f®^ (8)^1 2?, where ^p2 is the 
representation of A/" in £{£^^) defined by the formula ip2{a){^^i]) — {(p{a)£^)(^r]. 
We shall identify them henceforth and in general, we write cr„+ifor af^ o Lp^ 
on f V, where ipn has its obvious meaning. It is evident that all the (T„ 

are normal. We let 



K = H®Vi 



V 



and we let p ~ cr©cri©®;^]^ o-„+i, i.e., thinking matricially, p — diag{a, ci, 0-2, . . 
Then a moment's reflection reveals that p is a normal representation of A/" on if 



whose restriction to if is cr, 
matricially as 



of course. Form £(i)„K and define V : £®pK K 



T ••• 

A 

/ '•. 

0/0 

: / 



Of course the identity operators in this matrix really must be interpreted as the 
operators that identify £ (f®" V) with V. 

It is easily checked that V is an isometry and that the associated covariant 
representation (V, p) is an isometric dilation (T, a). Moreover, it is easily checked 
that (V, p) is minimal, i.e., that the smallest subspace of K containing H and 
reducing {V, p) is K. Further, if (T, a) is fully coisometric, so that T is a 
coisometry, then so is F a coisometry and (V, p) is fully coisometric. 

The proof of the uniqueness of (V, p) is the same as in the C*-setting and is 
given in ||l^. Proposition 3.2]. 

Finally, to see that V is fully coisometric if T is, observe that if T is fully 
coisometric, then T is a coisometry as we noted earlier. Thus TA^ = 0. This 
implies that TA — 0. Therefore, from the form of V , we see that VV* = I, 
which proves that V is fully coisometric. ■ 

We shall use Theorem 2.18 only for the module Cm {H, A4 H) associated 



to a completely positive map P on a von Neumann algebra M and only for the 
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special covariant representation (T, cr) which identifies Zm [H, M. ®p H) with 
£p. However, we shah employ a picture of the dilation {V,p) that is difi^erent 
from the one constructed in Theorem 2.1J. It will play a critical role in our 



5p H) to B{H) via 



(7) 



analysis of semigroups of completely positive maps. 

The definition of {T,a) is simple: T maps Cm{H,A4 
the formula: 

T{X):^W^X, X ^ Cm{H,M®pH), 

and a is the identity representation, 

(j{S) ^S, Se M'. 

Of course, a is cr-weakly continuous. Also, a straightforward calculation shows 
that T is a bimodule map. To see that T is completely contractive, we appeal 
to Lemma 3.5] and show that the linear transformation T : C_m{H,A4 0p 
H) ®„ H ^ H defined by the formula 

f{Y^x,®h,)^Y.^p^^^i 

is contractive. However, this is immediate: 



\£w*pX,h, 



As we remarked after Lemma |2.16| , T is continuous with respect to the a- 
topology on Cm [H, M ®p H) and the cr- weak topology on B{H), and so (T, a) 
is a completely contractive representation of Cm{H, A4 <E)p H) on H . 

Evidently, T is really the inverse of the map X that we used to identify 

Cm{H, M.®pH) with £p in Proposition 2.6 . Indeed, using the notation of that 
proposition, we see that for Y e £p, T($;,) = VK^$;, = ($yll/p)* = Y. Now 
all this may look trivial. It appears that after identifying Cm{H,AA ®p H) 
with £p we are simply studying the identity covariant representation of £p. 
However, we need to emphasize that the heart of the matter lies in the fact that 
the inner product on £p is not the one coming from operator multiplication in 
B{H) (unless P is an endomorphism - see Corollary 2.£). Rather, it is defined 
through the map X (or through its inverse T) which identifies £p with 

Cm{H,M®pH). 

Definition 2.19 The completely contractive covariant representation {T,a) of 
£m{H, AA®pH), where T is defined by (Qj and where a is the identity represen- 
tation, will be called the identity covariant representation of Cm{H, Ai C>5p H). 

As we noted above, and as we shall use to good effect, (T, cr) really identifies 
Cm{H, M®pH) with £p and when this identification is made, the maps T and 
cr are both the identity maps. 
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To present the model for the minimal isometric dilation (V, p) of (T, a) with 
which we will work, we define, for < /c < cxd, maps 



M- 



' H ^ M (E)p M (E)p ■ 



H 



k times 



k-\-l times 



by the formula ik{Ti ®T2 ® ■ ■ - Tk ® h) = I ®Ti ®T2 ® ■ ■ - Tu ® h. Of course, 
(-0 = Wp. Since P is unital, this map is a well defined isometry of Hk '■= 
M®pM®p---®pM®pH into Hk+i -.^ M ®p M ®p ■ ■ ■ ®p M ®p H . We 

^ V ' ^ V ' 

k times fc+l times 

write for the Hilbert space inductive limit, lim( Hk ■ ik), and we write Wk for 
the canonical (isometric) embeddings of Hk into -ffoo- Given X G Cm{H, M®p 
H), we define Xk : Hk ^ Hk+i by the formula Xk{Ti ® T2 ® ■ ■ - Tk ® h) = 
Ti ®T2 ® ■ ■ - Tk ® Xh. A straight forward calculation using the fact that X 
intertwines the actions of on iJ and on A4 ®p H shows that Xk is bounded 
with \\Xk\\ < \\X\\. Further, the diagram 



H 




Hi 






J^k+1 


■ ■ ■ Hoo 




\ 




\ 


\ 


\ 


\ 




X 






Xk-l 


Xk 


X k+1 


H 




Hi 




J^k 


^ J^k+1 


■ ■ ■ Hoo 



(8) 

commutes and so defines an operator Xoo S B{H 00) ■ We shall see in a moment 
that the map X — > Xqo, which we shall call V , is part of an isometric covariant 
representation of Cm{H, M ®p H), {V, p). 

To this end, we must first define p through the following diagram, where 
S & M' . The diagram 



H 

I 

H 



Hi 

i 

Hi 



>S 



Hk 

I 

Hk 



>S 



(9) 



Note that 



commutes and, therefore, defines an operator p{S) on Ho 

W^p{S)Wk = I®-y®l ® S, 
k times 

where, recall, Wk is the canonical embedding of Hk in Hoc- ^From this it is 
obvious that p is a normal representation of M' on Hoo that is reduced by each 
of the spaces WkHk- In particular, note that Wqp{-)Wo — a. 

If the diagrams that define V and p, (H) and (]|), resp., are combined in the 
obvious way, it becomes clear that for X G Cm{H, M ®p H) and S G M' , 



ViXS) = iXS)oo - XooP{S) = ViX)p{S) 
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while 



V{S ■ X) = V{{I (S}S)oX)^ P{S)V{X) 

so that (V, p) is covariant. 

Next we show that (V, p) is isometric. To this end, fix X and Y in Cm {H, 
H) and recaU that Xk Hk ^ Hk+i is defined by the formula Xk{Ti (8) T2 ® 
■ ■ - Tk^h) = Ti (gi T2 (8) • • • Tfe (gi X/i and similarly for Yfc. Consequently, we find 
that 

Xl{Ti ®T2®--- Tk+i /i) = Ti ® T2 ■ • • (g) X*{Tk+i (g /i) 

because 

(Ti g) T2 g) • • • g) X*(Tfe+i g) ft.), S"! g) 52 g) • • • g) S'fe g) fc) 

= (x*(rfe+i(g/i),p{T,*p(-..)5fc)fc) 

= {Tk+i®h,XP{T;P{---)Sk)k) 

^ (Tfc+i g) ft, {P{T^P{- ■ ■ )Sk) g) /)Xfc} (because X G Cm{H, M g)p i/)) 
= (Ti g) T2 g) ■ • ■ g) Tfc+i g) ft, S"! g) S'2 g) • ■ • g) S'fc g) Xfc) 
= (Ti g T2 g ■ • ■ g Tfc+i g ft, g 52 g • ■ • g Sfc g fc)). 

Therefore, 

XlYkiTi g T2 g • • • g Tfe g ft) = X^(ri g T2 g • • • g Tfc g yft) 

= Ti g r2 g • • • g Tfe g x*yft 

= W^piX*Y)WkiTi g T2 g • • • g Tfe+i g ft). 

Thus W^p{X*Y)Wk = = W^*V^(X)*P^fc+iW^*+il/(r)P^fc for all k , from 

which it follows that V{X)*V{Y) = p{{X,Y)), i.e., that (y, p) is isometric. 
We now show that (V, p) dilates (T, a) in the sense described in Theorem 



2.18 . Of course to do this, we must, strictly speaking, identify H with the 
subspace WqH of Hoc- When this is done, the projection P of iJoo on H is 
WoW(5'. We already have seen that H = WqH reduces p and that p\H = cr as is 



required in part 1. of Theorem 2.18. Also note that for X e Cm{HtM gp H), 



W^X^Wo = lIX = T{X), 

which is an evident consequence of the properties of inductive limits: For h Cz H , 
XooWoh = WiXh, and W^Wi = t^. This of course means that T{X) = 
WqV{X)Wo, so that after identifying H with WqH, through Wq, we see that 
T{X) = PV{X)\H, X G Cm{H,M(®p H), as required in part 2. of Theorem 



2.18. But we also need to check that V{X)* maps H into itself. Equivalently, 
we need to show that V{X) maps Hoo Q H into itself. 

For this purpose, it suffices to show that for each k > 1, V{X) maps WkHkQ 
H into Hoo © H- To show how this is done, but to keep the matters simple, we 
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show that V{X) maps W2H2OH into ffoo G H. So let W2 X! <^ ® /li be 
an element of W2-ff2- To say this is orthogonal to H means that for all h € H, 

^ {W2J2T^ ® ® h,,Woh) 

= (Y^ T, (g) 5, (g) /i,, / / /i) 

= {Y,P{P{Tr)S,)h,,h); 

i.e., W2j2Tr(»S,(g,h^e W2H2 eH if and only if ^ P{P(T,)S^)h, = 0. Now 
assume that W2 Si ^ hi G W2H2 i?, let h be an element in H, and 

compute: 

(F(X)VF2 ^ T, 5, ® /i„ M^o/^) 

(X! I® I® I® h)Hs 

= ^((P(F(r05.) ® / h)H, 

^Y,^X{P{P{Ti)Si))h,,I ®h)H, 

= 0, 



since Y. P{P{Ti)Si))hi = 0. Thus (V, p) satisfies condition 2. in Theorem 2.18 



To show that this {V, p) is unitarily equivalent to the dilation of (T, a) that 



is provided by Theorem 2.18 , we appeal to Proposition 3.2 of |13| (which we 



stated as part of Theorem 2.18 ) and show that {V,p) is minimal; i.e., that 
there are no closed subspaces K properly contained between H and i?oo that 
are invariant under the images of V and p. So, suppose K is such a subspace, 
then for every X e Cm{H,M <E)p H), Xoo{H) = V{X){H) is contained in K. 
Hence, in particular, Xoo{H) = Xoc{WqH) = X{H) C K. However, the span of 



{X{H) I X G Lm{H.,M®pH)] \sM®pH, by Lemma |2.10| , and so we conclude 
that WiHi = Wi{M®pff) C K. This, in turn, implies that Xoo(A4® pi?) C K; 
i.e., that (/ X){M ®p H) C K. Applying Lemma ^.10 again, we see that 



W2H2 = W2{A4 i®p A4 0p H) is contained in K. Continuing in this manner, 
we find that WkHk is contained in K for every k. Hence K = Hoc- 

Since our special (V, p) is unitarily equivalent to the one provided by Theo- 
rem we may infer that V is continuous with respect to the cr-topology on 



CjiiiH,-^ ®p H) and the cr-weak topology on B{H). 

We summarize our discussion of the identity representation of Cm {H, A4<E)p 
H) in the following theorem. 

Theorem 2.20 The maps V and p defined by the diagrams, ^ and to- 
gether form an isometric covariant representation of Cm{H, Ai <E)p H) that 
dilates the identity representation (T, cr) of CMiH,M(®p H). Moreover, (T,a) 
and (V, p) are fully coisometric. 
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Proof. The only thing that remains to be proved is the last statement 
about (T, a) and {V,p) being fully coisometric. However, for this purpose, it 
suffices to show that {T,a) is fully coisometric, by Theorem 2.1§| . Recall that 



T maps Cm (H, M ®p H) ®„ H to H by the formula T{X ® h) = W^Xh. 
To calculate f*, simply observe that for X e Cm{.H,M i^p H) and h G H, 
{f*k,X®h) = {k,f{X®h)) = {k,W^Xh) = {Wpk,Xh). However, by Lemma 



2T0| , {Xh I X e Cm{H,M ®p H), h e H} spans M ®p H. So, if we let 
u : Cm {H,M®pH)®H ^ M®pHhe defined by the formula u{X®h) = Xh, 
the M is a Hilbert space isomorphism such that {T*k,X ® h) = {Wpk,Xh) = 
{Wpk,u{X (g) h)) = {u*Wpk,X g) h) for all k and all X ® h. Thus f* is the 
isometry u*Wp, proving that T is a coisometry and, therefore, that (T, cr) is 
fully coisometric. ■ 

If A/" is a von Neumann algebra and if f is a VF*-correspondence over A/", 
then we have seen how a completely contractive covariant representation (T, a) 
of 5 on a Hilbert space H gives rise to a completely positive map \E' = of 



C{£) on H. (See Definition 2.17 .) However, equally important for our purposes 
is the related completely positive map O = Qt on the commutant of a{M), 
a{Afy , that is described in the next proposition. 

Proposition 2.21 LetAf he a von Neumann algebra, let £ he a W* -correspondence 
over TV, and let (T, a) he a completely contractive covariant representation of £ 
on a Hilhert space H. For S G a{My , set 

<d{S)^QT{S):=f{\s®S)f*. (10) 

Then Q is normal completely positive map from <t{M)' into itself that is unital 
if and only if (T, cr) is fully coisometric. Further, if (T, cr) is isometric, then Q 
is multiplicative, i.e., is an endomorphism of a{M)' , and, conversely, if® is 
multiplicative, then the correspondence £ decomposes as the direct sum of two 
suhcorrespondences, £ = £i (B £2, so that {T\£i, cr) is isometric and T\£2 — 0. 

Proof. Much of the proof may be dug out of [Q. See Lemma 2.3 there, 
in particular. Here are the particulars. First, recall the induced representation 
cr^ : C{£) B{£ (g>a- H), {X) = X^Ih- As Ricffcl shows in Theorem 6.23 
of ll^, the commutant of cr^ {C{£)) is Clf ® a{M)' , and of course the map 
5* —> If (8) 5 is a normal representation of cr{N)' onto Clg ® a{Ny . Thus Q 
is a normal completely positive map from cr{Ny into B{H). The problem is 
to locate its range. This, however, is easy on the basis of equation (^): Given 
i? e A/" and S £ a{Ny , that equation implies that 

a{R)Q{S) = <T{R)f{l£ ® S)f* = fcr^ o ip{R){l£ S)f* 
= f(l£ (g, S)a^ o ip{R)f* = f (If ® S)f*a{R) 

= e{S)a{R), 

so e{s) e cr{My. 

Of course 6 is unital if and only if (T, cr) is fully coisometric. 
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As for the last assertion, the direct statement is proved as Lemma 2.3 of 
[ p^ . For the converse, suppose that Q is multipHcative. Then TT* = Q{I) 
is a projection. Therefore, T*T is a projection on £ 0^ H, call it q. Since 6 
is multiphcative, we infer that q{l£ (8) Si)q{ls (8i S2)q — q{le ® SiS2)q for all 
Si,S2 e a{Afy. This implies that q G (Clf (g) ct(A/')')' = ^^(-^(f)), by Rieffel's 



theorem |20, Theorem 6.23] and the fact that is a normal representation of 
the von Neumann algebra C{S). Thus, q = cr^{Q) for a projection Q £ jC{£). If 
:= and £2 ■= (le — Q)£, then it is easy to see that {T\£i, a) is isometric, 
while T\£2 ~ 0. We omit the details. ■ 

Definition 2.22 Let £ he a W* -correspondence over a von Neumann algebra 
M and let (T, a) he a completely contractive covariant representation of £ on 
the Hilbert space H , the normal, completely positive map 

Ot : ^ cr{U)' 

defined hy equation ( |7^ will be called the induced (completely positive) map on 
a{Afy . If T is isometric, then Ot will be called the induced endomorphism of 



If we apply Proposition 2 . 2 1 to the identity representation (T, cr) of Cm {H,jV[(g>p 
H) or of £p, for a completely positive map P on a von Neumann algebra Al, 
we recapture P. Specifically, we have 

Corollary 2.23 Let P be a normal, unital, completely positive map on the von 

Neumann algebra M., and let (T, cr) be the identity representation of the Arveson 
correspondence £p ~ Cm{H, A1 Op H) on H . Then Qt — P ■ 



Proof. We will apply Proposition 2.21 , with the von Neumann algebra N 



identified with ^A' . So, for S_G and h H, we have from the computations 



in the proof of Proposition p.2l| (the fact that T* — u*Wp, so T — WpU 

<d{S)h^f{l£®S)f*h 
= f{l£®S)Wph 
^ Wpu{l£ ® S)u*Wph ^ P{S)h. 



We conclude this section with our principal dilation result for single com- 
pletely positive maps. It is the key to our analysis of semigroups. 

Theorem 2.24 Let A4 be a von Neumann algebra acting on a Hilbert space H 
and let P : M. ^ M be a normal, unital, completely positive map of A4 . Let 
{T,a) be the identity representation on H of the Arveson correspondence £p, let 
(y, p) be the minimal isometric dilation of (T, a) on the Hilbert space K , and 
let W : H ^ K be the associated imbedding. If TZ := p{M'y , then 

1. W*TZW = A4, so that M. is a corner of TZ (and TV is a normal homo- 
morphic image ofA4'), 
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2. 0y is a unital, normal *-endomorphism ofTZ, and 

3. for every non-negative integer n, 

P"{T) = W*Q'i.{WTW*)W 

and 

for all Sen, andT e M. 
Thus, the induced endomorphism Oy of 7^ is a power dilation of P. 



Proof. ^From Corollary 2.23 , we know that P is the induced completely 
positive map Qt on M.. Also, since {V, p) is the minimal isometric dilation 
of (T, a) and W is the embedding map, we know that WH is invariant under 
V{Y)* for all y e £ and W*V{Y)W = T{Y). Since W*p{S)W = a{S) for all 
S G A4' by definition of {V,p), and since a{S) = S, S & A4 , hy definition of 
the identity representation, we see that 

W*TIW = W*p{M'yw = {W*p{M')wy = {M'Y = M. (11) 

By Theorem [2.20| , (T, a) and (V, p) are fully coisometric, and so, by Proposition 



2.21, Ov is a normal, unital, ^-endomorphism of 7^ = p{A4')' . Since WH is 



invariant under V{Y)* , y G we see that for F G 5 and k G K, 

WW*V{Y ® (/ - T4^VF*)A:) = WW*Y{Y){1 - T4^VF*)A: = 

so that WW*V(1 ®(1 - WW*)) = 0. Therefore, WW*Qv{{l - WW*)) = 
WW*V{I®{I - WW*))V* = 0; i.e. WW*Qv{WW*) = WW*. Multiplying 
this equation on the left by W* , we see that 

W*Qv{WW*) = W*. (12) 

Since T{-) = W*V{-)W, it follows that f = W*V{I ® W). Consequently, 
for L G M; 

P{L) ^f{I ®L)f* (13) 
= W*V{I (g) W){I (g) L)(I (g) W*)V*W = W*ev{WLW*)W. (14) 

On the other hand, for 5* G 7?., we find from this equation and the fact that 
W*SW gM (by (0)) that 

p{w*sw) = w*ev{ww*sww*)w 

= w*eviww* sww*)w = w*eviww*)ev{s)ev{ww*)w 
= w*evis)w, 

using equation (p^). 
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To relate to Oy, \ct L £ M. Then, using equation ( p^ ) again, we find 
that 

P'^{L) = P{P{L)) = P{W*Qv{WLW*)W) 
= W*Qv{WW*Qv{WLW*)WW*)W 
= W*Qv{WW*)Ql{WLW*)Qv{WW*)W 

Continuing in this manner, we find that P"(L) = W*Q\,{WLW*)W for all 

To show that P'\W*SW) = VF*e^(5)VF for aU S' e 7^, and aU n, we need 
to generalize equation to W*Qy{WW*) = W* , for ah n. However, this is 
an easy induction, the general step of which is: 

WW*Qy+^{WW*) = WW*Qv{QviWW*)) 

= WW*Qv{WW*Ql{WW*)) 

+ WW*Qv{{I - WW*)Q'^{WW*)) 

= WW*QXr{WW*) + WW*<dv{I - WW*)<d'^{WW*) 

= WW*. 

Thus WW*Q''{,(WW*) = WW* for all n. Muhiplying through on the left by 
W* gives the desired formula. 

Using this, we see that since G M for all S <E TZ, our earlier calcu- 

lation gives 

p'''{w*sw) = w*e'ir{ww*sww*)w 

= W*Q'i.{WW*)Q'i,{S)Q'i.{WW*)W 

= w*e'i.{s)w. 



3 Semigroups of Completely Positive Maps 

In this section, we focus on semigroups {Pt}t>o of unital, normal, completely 
positive maps on our basic von Neumann algebra Ai acting on a Hilbert space 
H. That is, we assume that Pt+s = PtPs, s,t >0, and Pq is the identity map 
on A4. We call {Pt}t>o a completely positive semigroup on M, or simply a cp 
semigroup, for short. We make no continuity assumptions on {Pt}t>o in this 
section and, in fact, everything we say is true if the additive semigroup of non- 
negative real numbers is replaced by any totally ordered semigroup. Our goal 
is to dilate {Pt}t>o to a semigroup of endomorphisms in much the same fashion 
that we did for a single completely positive map in Section ^ However, there 
is a complication that must be addressed. 

Let £t be the Arveson correspondence over A^' associated with Pt, t > 0. 
As in Section pi we shall view St as either a space of operators on H or as the 
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space Cm{H,M H). As we noted, the spaces £t need not "multiply", i.e., 
£t ® £s need not be isomorphic to £t+s- So, we will have to "dilate" these to 
a family {E{t)}t>o of M' correspondences such that E{t) ® E{s) ~ E{t + s). 
That is, we need to dilate these to a (discrete) product system over Ai' - a 
notion that is inspired by Arveson's product systems in ||^ . This we do follow- 
ing in outline arguments of Bhat in |Q . There are similarities also between our 
arguments and arguments in but our correspondences are over M' as op- 
posed to being over A4 and we cannot tap directly into their arguments. Once 
{E{t)}t>o is constructed, we promote the identity representations of the £t's to 
completely contractive representations of the i?(t)'s and then dilate these to iso- 
metric representations of the E{t)'s. These last representations will implement 
a semigroup of endomorphisms of a bigger von Neumann algebra in which A4 
sits as a corner. The semigroup of endomorphisms will be the desired dilation 

of {Pt}t>0. 

Let ^{t) denote the collection of partitions of the closed interval [0, t] and 
order these by refinement. For ape ^P(i), we shall write p = {0 = io < ti < 
t2 < ■ ■ ■ < tn-i < tn = t}. For such a p, we shall write 

Then it is easy to see that Hp t is a left A^-module via the formula S ■ (Ti ® 
T2®---Tn®h) := {STi)(g)T2(g>---T„(g)h, S & M, (Ti ® T2 • ■ • T„ /i) e 7?p,t. 
Also, it is easy to see that £m{H, -ffp.t) becomes an '-correspondence via the 
actions 



and 



{XR)h X{Rh) 



{RX)h {I(g,R)Xh, 



R G M', X e Cm{H, Hp^t) and h & H, where / is the identity operator on 
Hp t. The inner product is given by the formula {Xi,X2) := XIX2. Note 
that the map R t-^ {Xi, RX2) — ® R)X2 is ct- weakly continuous, so that 

£M{H,Hp^t) is, indeed, an TW'-correspondence. 

We shall write Ct for the A^'-correspondence Cm{H, A4<E)PtH). Then Propo- 
sition ^.12 shows that Cm{H, Hp^t) is isomorphic to Ct-tr,-i ®M' '^t„-i-t„-2 ® 



5a^' i^ti as A^'-correspondences. 
We next want to show that the Hilbert spaces H^ t and TW'-correspondences 
Cm{H, Hp.t) form inductive systems so that we can take their direct limits. For 
this purpose, consider first the case when p' := {0 = to < < *2 < • • • < 
tk < T < tk+i < • • -tn-i < tn = t}, a one point refinement of p. Then we 
obtain a Hilbert space isometry vq : Hp t — > -f^p'.t defined by the formula 
^;o(Ti (g) T2 (g) • • • T„ (g) /i) = Ti g) • • • (g) Tfc g) / g) Tk+i (g) • • • r„ g) ft and an M'- 
correspondence isometry v : Cm{H, Hp^t) — * t~-M{H,Hpi^t) defined by the 
formula v{X) :— vq o X. The proof of these facts is a minor modification of the 
proof of Proposition p. 12 and so will be omitted. 
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Since every refinement of a partition can be obtained by a sequence of 
one-point refinements, it is clear that for every pair of partitions (p,p')i with 
p' refining p, we have Hilbert space isometries vo,p,p' '■ Hp^t ^ Hpi^t and 
TW'-correspondence isometries Vp^p> : £M{H,Hp^t) — > £M{H,Hpi^t) so that 
VQ.p'.p" ° ^o,p,p' = i'o,p,p" and Wp',p" o Vp^pi — Wp,p", when p" refines p' and p' re- 
fines p. The Hilbert space isometry i'o,p,p' simply sends a decomposable tensor 
Ti ^ T2 ® ■ ■ ■ Tn ® h G Hp t to the decomposable tensor in -ffp'.f obtained from 
Ti®T2® • • - Tn^hhy inserting identity operators in those positions where new 
indices have been added to p to obtain p'. The A4'-correspondence isometry 
Vpy is defined by the formula Vpy{X) :— wo.p,p' o X, X £ Cm{H, -ffp,t)- 

We may thus form the direct limits 

Ht := lin^(iJp,t,wo,p,p') 

and 

E{t) ■.= lh^{CM{H,Hp,t),Vpy). 

Note that Ht is a left A4 module since each Hp t is and the maps wo.p,p' respect 
the action oi M.. It is also a left A^'-module, since M' acts on each Hp t 
via the formula i?(Ti «) T2 ® • • • r„ /i) = ( J i?) (Ti (g) T2 (g) • • • r„ (g) ft) = 
Ti g) r2 g) • ■ • r„ (g Rh, Ti (g r2 (g) ■ • ■ r„ g) /i e Hp^t, Re M' and the maps wo,p,p' 
respect this action. It is now easy to see that Cm{H, Ht) has the structure of 
an A^'-correspondence. Indeed, the bimodule structure has just been indicated. 
One passes to the limit when writing Ht = linj(-ffp,t, wo.p.p') in J~-m{H, Ht). Since 
each Cm (H, iJp.t) is an '-correspondence in an obvious way, so is Cm {H, Ht) 
via the limit of the inner products on the Cm{H, Hp t). 

Lemma 3.1 Each E{t) is isomorphic, as an M' -correspondence, to Cm{H, Ht). 

Proof. For each p G we write wo.p,oo for the canonical isometric embed- 

ding of Hp^t in Ht. Since the wo,p,p' are A^-module maps, so is wo,p,oo- Hence 
we obtain Al'-correspondence isometries Wp,oo : CM{H,Hp_t) — > CMiH, Ht) 
by setting Vp^oo{X) 

— '*'o,p,oo ° However, for p' finer than p, we have fo.p'joo ° 
'^o,p,p' = vo.p.oo. Hence Vp>^oo ° Vp^p> = Wp^oo- Thus, by the universal proper- 
ties of inductive limits, we obtain an '-correspondence isometry v : E(t) — > 
CMiH, Ht). We need to show that v is surjective. To this end, observe that 
if P and Q are two normal, unital, completely positive maps on A4, then 
using Proposition 2.12 (and applying Lemma ^.10| ), we find that \/{X{H) 



X e Cm{H,M ®qM®vH)} D \/{{I(g> X)Y{H) I X e Cm{H,M ®pH), 

Y e Cm{H,M®qH)} ^\J{{I®X){M ®qH)\X e Cm{H,M®p H)} = 
M ®p M (g)Q H. The same argument, applied to more than two maps shows 
that for any partition p in \J{X(H) \ X G CM{H,Hp^t)} = -ffp.t and 
VK,oo(X)(F) I X e CM{H,Hp^t)] = «o,p,oo(-ffp,0 C Ht. Hence, \I{Y{H) \ 

Y e v{E{t))} = Ht. Consequently, given any X £ CM{H,Ht) satisfying 
X*Y = for aU Y e v{E{t)), we have X = 0. That is, the orthogonal com- 
plement of v{E{t)) in CM{H,Ht) is zero. Since CM{H,Ht) is self-dual, by 
Proposition |2.3|, we conclude that v{E{t)) — CM{H,Ht). ■ 
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If pi £ ^P(t) and p2 G ??(s), then we shall write p2 V pi + s for the following 
partition in ^(t + s): 



{0 = So < Sl < • • • < S„i-1 < Sjn{= s ^to + s) <tl+S< 

t2+ S- - ■ < tn-1 + S < tn + S = t + s}, 

where pi = {0 = io < < ^2 < • ■ • < tn-i < tn = t} and p2 = {0 = sq < si < 
52 < • • • < s„_i < Sm = s}. Note the order in the definition of p2 V pi + s. The 
"concatination" of partitions is not commutative. It is designed to support the 
isomorphism of E{s) ® E{t) with E{t + s) that we are about to describe. 

Lemma 3.2 Let pi e and p2 £ ^5(s) and w;rite p /or p2 V pi + s. Then 

the map that sends X F e Cm{H, Hp^^t) jCm{H, Hp^^s) to {Ig O X)Y in 
CM{H,Hp^t+s) extends to an isomorphism of A4'- correspondences, where Is 
denotes the identity map on A4(E)p^_^ Ai 'S)p^^_^_^ Adfi)- ■ ■'Sip^_^ ^ A4 and where 
p2 = {0 ~ sq < si < S2 < ■ ■ ■ < s„_i < Sm — s} . Further, this isomorphism 
induces a natural isomorphism of A4' -correspondences from E{t) ® E{s) onto 
E{t + s). 

Proof. That the map X ®Y (/^ iX) X)Y induces an isomorphism of 
TW'-correspondences from Cm{ H, Hp , ,t) ® t^M{H, Hp^^s) into CM{H,Hp^t+s) is 



essentially proved in Pr oposi tion 2.12 . To see that the isomorphism is surjective, 
simply apply Corollary 2.13| (several times). 



To get the isomorphism from E{t)(g)E{s) onto Eit+s), we appeal to universal 
properties of inductive limits. Let pi and p'^ be partitions in '^{t), with p'^ finer 
than pi, and let p2 be a partition in Write p = p2Vpi+s and p' = p2Vpi+s. 

Also let api.p2 be the isomorphism from Cm{E[, Hp^^t) ® ^m{H, Hp^^s) onto 
Cm{H, -ffp.f+s) that sends X ®Y to {Is ® X)Y , and let ctp'^^pa be the similarly 
defined isomorphism from CMiH, Hpi t) ® Cm{EI, Hp^^s) onto Cm{H, Hp/ ^t+s)- 
Then we have the following diagram, which is easily seen to be commutative: 

^m{H, Hp^^t) "S) Cm{H, Hp^^s) — ^m{EI, Hp^t+s) 
Wpi^p;®/ i i Wp,p' 

CM{H,IIp'^^t) ® i^M{H,IIp^^s) > C.M{H,IIpi ^t+s) 

In the limit, we obtain an isometry from E{t) ® Cm{H, IIp2,s) into E{t + s). A 
similar argument yields an isometry from E{t) (X> E{s) into E{t + s). It is clear 
from the definition of this map that its image contains all the Cm{H, Hp^t+s), 
where p is constructed asp2Vpi + s. (We shall view these spaces as contained in 
E{t + s) without reference to the isomorphic embeddings.) For a given partition 
p £ ^(s + 1), we can refine it by adding s to get p', say. Then Cm{H, Hp'^t+s) 
is contained in E{t + s) and contains (a copy of) Cm{H, Hp^t+s)- Hence the 
image contains all the Cm{H, IIp,t+s) and so must be all of E{t + s). ■ 

Remark 3.3 Given t, s, r E (0, cxd) and partitions pi G V{t), p2 £ ?5(s), 
and p3 £ 'P(r), one can define an isomorphism of A4' -correspondences between 
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CM{H,Hp^^t)(^CM{H,Hf,2,s)'^^M{H,Hp^^r) and jCm{H, Hp^t+s+r) in two dif- 
ferent, but natural, ways, where p = p3 V (p2 + r) V (pi + s + r): In the first, 
we map the left hand side, CM(H,Hp^^t) ® ^M(.H,Hp^^s) ® ^MiH, Hp^^r), to 
CM{H,Hp^^t)®CM{H,Hp,^t), wherep' =p3V(p2+?'), andthento CM{H,Hp^t+s+r), 
while in the second, we map Cm{H, Hp-^ t) J^m{H, Hp^ s) ® ^M{H,Hp^^r) 
to CM{H,Hpn ij^i^) (g) Cj^{H, Hp^^r), where p" = p2 V (pi + s) and then to 
Cm{H, Hp,t+s+r)- These two ways of identifying Cm{.H, Hp^^t)®C,M{H-, Hp^^s)® 
Lm^H, Hp^^r) and Cm{H, Hp^t+s+r) amount to nothing more than identifying 
Xi (g) X2 ® X3 with (Is+r ® Xi) o (/^ X2) o X3, as we may. Passing to the 
limit yields the natural isomorphisms 

{E{t) E{s)) E{r) ^ E{t) {E{s) ® E{r)) ~ E{t + s + r). 

Our analysis to this point shows that if we set E(0) = Ai', then {E{t)}t>o 
is a discrete product system in the sense of 

Definition 3.4 Let J\f he a von Neumann algebra. A discrete product system 
over M is simply a family {E{t)}t>o of W* -correspondences over M such that 
E{0) = TV and such that E{t + s) ~ E{t) ® E{s) for all t,se [0, 00). 

The particular product system that we associated with the semigroup {Pt }t>o 
in the preceding paragraphs will be called the (discrete) product system of M'- 
correspondences associated with {Pt}t>o. 

A (completely contractive) covariant representation of a discrete product sys- 
tem {E(t)}t>o on a Hilbert space H is simply a family {Tf}t>o of completely 
contractive linear maps, where Tt maps from E{t) to B{H) .such that each Tt is 
continuous with respect to the a-topology on E{t) and the a-weak topology on 
B{H), To is a * -representation of E{0) = J\f on H , and such that Tt®Ts = Tt+s 
(after identifying E(t + s) ~ E{t) ® E{s).) 



Remark 3.5 It is useful to think of product systems as semigroups and then 
to view covariant representations as representations of such a semigroup. How- 
ever, when working with any particular product system and representation, it fre- 
quently becomes necessary to make explicit the isomorphisms between E{t)®E[s) 
and E(t + s) and then, of course, the formulas involving {Tt}t>a become corre- 
spondingly more complicated. 

Note, too, that the definition of a covariant representation implies thatTt{aS,b) 
= To(a)Tt(^)To(6) for all t > 0, ^ E{t), a,b £ M. Thus if {Tt}t>o is a covari- 
ant representation of the product system then for each t, (Tt, Tq) is a completely 



contractive covariant representation of E{t) in the sense of Definition 2.1 



Definition 3.6 A covariant representation {Tt}t>a of a product system {E{t)}t>Q 
is called isometric in case for each t, (Tt^To) is isometric in the sense of Def- 
It is called fully coisometric in case for each t, {Tt,To) is fully 



inition 2.1< 



coisometric in the sense of Definition 2.11. 
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Our next objective is to show how a fully coisometric covariant representation 
of a product system {E(t)}t>o can be dilated to a fully coisometric and isometric 
representation of {E{t)}t>o- 

Theorem and Definition 3.7 Let {E{t)}t>o be a discrete product system over 
a von Neumann algebra M and let {T(}t>o be a fully coisometric covariant rep- 
resentation of {i?(t)}t>o on a Hilbert space H . Then there is another Hilbert 
space K , an isometry ua mapping H into K , and fully coisometric, isometric 
covariant representation {Vf}t>o of E on K so that 

1. ulVtiClUo = TtiO for all i e E{t), t > 0; and 

2. For ^ £ E(t), t > 0, Vt{^)* leaves uo{H) invariant. 

The smallest subspace of K containing uq{H) and reducing Vt{C) for every 
^ G E{t), t > 0, is all of K . If {{V/}t>o,UQ, K') is another triple with same 
properties as ({Vt}f>o, uq, iiT), then there is a Hilbert space isomorphism W 
from K to K' such that WVt{£,)W-^ = for all ^ e E{t) and t > 0, 

and W o uo = u'q. We therefore call the triple, {{Vt}t>o,UQ, K), the minimal 
isometric dilation of {Tt}t>o. 

Proof. For < t < s, we write Ut^s for the isomorphism from E{t)®E{s — t) 
to E{s). Then the associativity of tensor products implemented through these 
isomorphisms coupled with the identification of E{t) ® E{s) ® E{r) with E{t + 
s + r) imply that Us,r{Ut^s ® Ir-s) = C^t.r- Further, for any t, we write Tt for 
the operator from E{t) H to H defined by the formula Tf h) — Tt{^)h. 



(See Lemma 2.16 and the discussion surrounding it.) For < t < s, we define 



Ut^s from E(t) ®To H to E{s) ®Tq H by the formula 

uus := {Ut,s ® lH){lE(t) ® TLt)- 

Observe that each space E{t) ®To H is a left TV-module and that the ut.s are 
A/'-module maps. 

We claim that each ut^s is an isometry. Indeed, since Ut,s is a Hilbert module 
isomorphism, Ut.s ® is a Hilbert space isomorphism, i.e., a unitary, and so 

ul,Ut,s - {lE{t) » fs-t){Ut-s InTiUt-s 8) lH){lE{t) ® T*s-t) 

However, this last term is the identity on E{t) ®To H because {Tt}t>o is assumed 
to be fully coisometric. 

Further observe that the composition properties of the Ut^s coupled with the 
fact that {Tt}t>o is a covariant representation imply that for < t < s < r, 
Ut,sUs.r — Ut,r- Hcncc, if we agree to set Ut.t equal to the identity on E{t) (Eito H 
for each t, then {{E{t) ®Ta H}t>oi {'"t,s}o<t<s} is an inductive system of Hilbert 
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spaces - in fact, it is an inductive system of AA-modules and module maps. We 
set K = ]m^{E{t) (>^To H,ut,s) and we write Ut : E{t) (8)To H — >■ K for the 
canonical embeddings. Note that the Ut's are isometrics and A^-module maps. 

To construct the dilation {Vt}t>o, we begin by defining Vt on the range of 
each Us by the formula 

VtiO ■ Usiv ® h) ■= Ut+s{Ut,t+s{^ ® r?) «) h), 

where i, s > 0, ^ G E{t), rj e E{s), and h e H. To see that Vt(^) is well-defined 
on the union of the ranges of the Ug, simply note that for Si > S2 > 0, t > 0, 
7] G E{s2), C G E(t), and h G H, we have 

Vt{0usiUs2,sAv<^ h) = Vt{C)Us^{r]®h). 

The AA-module structure on K is just that afforded by Vq- That is, for a G Af, 
Vo{a) ■ Us{r] IS) h) — Us{arj ® h), rj ® h € E{s) ®To H. So, to show that every 
other Vt extends to all of K, and yields an isometric representation of the J\f- 
correspondence E{t), we first simply compute to see that for ^1,^2 G E{t), and 
77 /i, C ® ^ G ®To H, we have 

{Vt*{^i)Vt{^2)us{v®h),Us{C(E)k)) = {ut+s{^2<E)V<S)h),ut+s{^i'®V'»k)) 
= {^2m<»h,£,i(g)ij(g)k) = {T](S>h, {^2,£,i)v®k) = {us{fi(E)h),Vo{{£,2,^i))us{fi(E)k)). 

This shows that on the range of each Us (Vt, Vq) is an isometric covariant rep- 
resentation of E{t). Thus on the range of each Ug, Vt(^) is a bounded operator 
with norm bounded by ||^||. Hence, Vt(^) extends to all of X as a bounded 
operator. Further, this equation shows that if we denote the projection of K 
onto the range of Us by Qs, i.e., if we let Qs — UgU*, then 

QsiVt{^2rVt{^i))Qs = QsVo{{C2,^i))Qs- 

Since this so for all s, it follows that Vt(6)*^t(Ci) = Vb((6,Ci)) on all of K. 
Thus, for each t, (Vt, Vq) is an isometric covariant representation of E{t). 

To show that {Vt}t>o satisfies the semi-group property, let t = ti + t2, let 
^1 S E{ti), ^2 & E{t2), and let 77 (g) /i G E{s) ®Tq H. Then on the one hand we 
have 

Vt{Ut,Mi ® 6))ws('7 ®h)= ut+s{Ut.t+s{Ut,Mi ® 6) h), 
while on the other we have 

Vti {^i)Vt, {i2)us{v ®h)^ Vt, i^i)ut,+sUt,,t2+s{i2 (E)v)®h) 

= Ut+s{Ut,,t+s{£.l ® Ut2A2+s{£.2 ® V)) ® h). 

By Remark U, we conclude that Vt{Ut,^t{^i ® 6)) = ^ti (6)^*2 (6)- Ignoring 
the Ut t+s when identifying E{t) (g) E{s) with E{t + s), we obtain the desired 
resuh:Vt(ei 6) = VtA^i)VtJ^2)- 
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Next, we show that each V* is continuous with respect to the cr-topology on 
E{t) and the tr-weak topology on B{K). For this, observe that for ^,^1 E E{t), 
77,^2 G -E'(s), and/i, fc G i/, we have {Vt{S,)us{ri®h),ut+s{ii®£,2®k)) = (wf+s(^(g) 
r;®/i),Mt+,(ei®6®fc)) = (/i,To((e®?7,a = (C, 

Thus, for each s > 0, the map ^ 1-^ Vt{£,)\us{E{s) ®To H) has the desired 
continuity properties. Since the union of the ranges of the Ug is dense and since 
^ 11? II I conclude that Vt is continuous with respect to the cr-topology 
on E{t) and the cr- weak topology on B{K). 

To see that Mo^(?)uo = T't(^), i.e., to see that {Vt}t>o dilates {T'f}t>o, simply 
note that for h,h' e H, t> and ^ G E{t), we have (u^Vf (^)uo(/i), /i') = (wt(^(8) 

/l),Mo(/l')) = (ut(e®/l),UtKt(/l'))) = {^®h,f*h')E^t)^H = {fti^®h),h') = 

To check that Vt(^)*, ^ G ^'(i), leaves uq{H) invariant, first note that the 
computation just completed shows that for C, E E{r), r > 0, and h E H, 
u^UriC^h) = TriClh. Hence, for £, G E{t), 77 G E{s), and h^H, ulVt{C)Us{v<^ 
h) = u*oUt+si^ ^Tj^h) ^ Tt+si^ ® r])h = Tt{£,)Tt{v)h = ulut{i ® Ts{ri)h) = 
UQVt{^)uoUQUs{r] I?) h). Since this holds for all s > 0, we see that UoVt(^) = 
UQVt{£,)uoUQ. Taking adjoints and multiplying the resulting equation on the right 
by uo, we conclude that Vt{^)*uoUQ = uoUQVt{^)* uqUq for all ^ G E{t), and t >0, 
which shows that Vt(^)*, ^ G E{t), leaves Uo{H) invariant. 

To see that {Vt}t>o is fully coisometric because {Tt}t>o is, we need to show 
that Vt is a coisometry for each t. Since {Vt}t>o is isometric, each Vt is an 
isometry. Hence, all we need to do is to show that the range of each Vt is dense. 
For this, it suffices to show that for every s > the span of {Vt{£,)us{r](^h) \ ij G 
E{s), £_ G E{t), hE H} equals Ut+s{E{t + s) ® H). However, Vt{£,)us{7] ® h) = 
Ut+si£, iSJ ?7 O /i) and, since E{t) E{s) is isomorphic to E{t + s), we see that the 
range of Vt is, indeed, dense. 

^From what we have shown so far, it is clear that the smallest subspace of 
K that contains uo{H) and reduces every Vt(^) is all of K. The uniqueness of 
{{Vt}t>Q,uo, K) up to unitary equivalence is proved just as in Proposition 3.2 
of [Q, and so will be omitted here. ■ 

Remark 3.8 It is worthwhile pointing out that the relation MoVt(^)Mo = 7t(^) 
in the preceding theorem is equivalent to the relation 

u*VtiI®uo)=ft. 

Further, the invariance of uo{H) under Vt(^)* is equivalent to the equation 
uoUQVt{I uqUq) = uoUgVi. These assertions are immediate from the proof. 

We return to our semigroup, {Pt}t>o, of completely positive maps on the von 
Neumann algebra Ai and to the associated product system '-correspondences 
{E{t)}t>Q that we constructed at the outset of this section. Our next objective, 



Theorem 3.£ , is to show that there is a fully coisometric, completely contractive 
covariant representation {Tt}t>a of {E{t)}t>Q on H (the Hilbert space of M) 
so that {Pt}t>o can be represented by the formula 

Pt{s)^ft{iEit)^s)f;, 
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S €M,t>Q. 

For this purpose, recall that for a partition p e ^{t), the Hilbert space H^ t 
is Hp^t ■= M ®Pt^ M (8)Pt2-ti ® ■ • ■ (8'Pt_t,^_^ H where p = {0 = io < < 
^2 < ■ • • < < tn = i}- The map tp : — > Hp t, defined by the formula 
Lp (h) = I(E)I<S>---<S>I<E)his easily seen to be an isometry, with adjoint l* given 
by the formula 

L;{Xi®X2®---®Xn®h) = Pt-t„_i(Pt„_i-t„_,(- • • iPtAXi)X2) ■ ■ ■ )Xn-i)Xn)h. 

Indeed, ip is just a generalization of the Stinespring embedding Wp for a single 
completely positive map and the the formula for c* is an obvious extension of 
formula (|l|). Further, it is easy to check that if p' is a refinement of p in ^(t), then 
'-p ~ '-p' ° ^o,p.p'- Hence, by the universal properties of inductive limits, there is 
a (unique) map : Ht (= linj(77p t, tio,p,p')) — > H so that i(Wo,p,oo = ip, where, 
recall, fo.p.oo : Hp t — > Ht is the canonical isometric embedding associated with 
the directed system (i?p,t, wo,p,p') and its limit, Ht- It is easy to check that i*^ 
is a coisometry. 

To define the covariant representation {Tt}t>o of {_B(t)}f>o that we want, 
we recall that E{t) is isomorphic to Cm{H, Ht) and we set 

Tt{X) = L*toX, (15) 

for X e£M{H,Ht). 

Theorem and Definition 3.9 Let {E{t)}t>a be the discrete product system 
of M' -correspondences constructed from {Pt}t>a as above, and let {Tt}t>o be 
defined by equation |7^. Then {Tt}t>o is a fully coisometric, completely con- 
tractive covariant representation of {E{t)}t>o such that 

PtiS)=ft{lEit)®S)ft*, (16) 

for all t > and all S £ M. We call {Tt}t>a the identity representation of 
{E{t)}t>o. 

Proof. Since Tt is given by left multiplication by an operator between 
Hilbert spaces of norm at most one, viz. tj, Tt is completely contractive. To 
check that {Tt}t>o is multiplicative, we identify E{t + s) with E{t) ® E{s) 
as above and proceed to show that under this identification, Tt-^-s — Tt (iSi Tg. 
For this purpose, let pi be a partition in ^(t) and let p2 be a partition in 
*P(s). Also, fix Xi e CM{H,Hp^^t) and X2 e CM{H,Hp^^t)- Then the map 
that sends Xi (g) X^ to {Is ® ^i)-'^2 (where Is denotes the identity map on 
M®p^^ ® ■ ■ ■®p^_^.^^ M, with p2 = {0 = So < si < S2 < ■ • • < Sj-i < Sj = s}) 

carries Cm{H, Hp^^t) jC-m{H, Hp^^t) to Cm{H, Hp^t+s), where p = p2 Vpi +s. 
To show that Tt+s — Tt^Ts, it follows from equation (|l^) and the properties 
of direct limits that we need only check that t* o (/^ (g) Xi)X2 = tpj-^i o '-p2-^2- 
For this purpose, consider the element 6*1 (8) 5*2 (8> • • • ® •S'j (8> Ti T2 (8) • • • (g) Tn (8) fc 
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in Hp^t+s (where p and p2 have just been defined and pi = {0 = to < ii < ^2 < 
• • • < t„_i < tn = t}). Then 

ip(S'i (g) S'2 ® • ■ • r„ (g) fc) 

= Pt-t„^i {Pt^-i^t^-. (• • • {Ps-s,^, (• • • {Ps, {s,)s,) ■ ■ ■ r„)fc 

= l;^{{Ps-s,^, (■ • • {Ps, {81)82) ■ ■ ■ {Sj)Ti ® ■ • ■ ® r„ fc). 
Hence, for Xi{h) G Hpi.t, and 81, 52, ... , Sj in 

t;(5i ® 52 ® • • • ® 5, = l;^{Ps-s,^, (• • • (Psi (5i)52) • • • Sj)X,{h)). 

Since Xi is an A^-niodule map, this equation can be rewritten as 

t;(5i ® 52 • • • ® s, ® Xi{h)) = i;^Xi{p,^,^_, (• • • (p,, (81)82) ■ ■ ■ 8,)h) 

= l*^XilI^{8i ® 52 ® • ■ • ® 5j /i), 

as was required. 

To see that each Tt is continuous with respect to the cr-topology on E{t) and 
the cr-weak topology on B{H), take X e CM{H,Ht) (~ E{t)) and h,h' e E{t) 
and note that {Tt{X)h,h') = /i') = {X{h), Lt{h')) . Since Lt{h') G 

Ht = V{^(^) I Y G CMiH,Ht), h G H}, and since for Y G CM{H,Ht) and 
k ^ H, {X{h),Y{k)) = {h, {X,Y)k), the desired continuity is evident. 

Finally, we must verify equation (p^). For i = 0, the equation is clear, so 
we always work with a fixed t > 0. For k Q H, T^k G Cm{H, Ht) ®m' H and 
so we may write T^k = J2 -^i ® Xj G Cm{H, Ht), and hj G iJ. Then, for 
Y G CM{H,Ht) and G ff, (E^»(^0,>"W) - (E = (E ^» 

h^,Y®h) = {T;k,Y®h) = {k,i*t{Y{h))) = {it{k),Y{h)). Since V{^(/i) I Y e 
Cm{H, Ht), he H} — Ht, this equation imphes that E Xi{hi) — it{k). Conse- 
quently, ft{I®S)f*k = ft{I®8)Y.X^®h, = ft{Y.X^®8h^) = i*tiEM8h^)). 
Since the Xi are A4-module maps, this last expression equals (5 E -^^iC^O) = 
it8Lt{k). To evaluate 5tt(fc), recall that is the natural embedding of H into 
Ht, when iJ* is viewed as the inductive limit of the i?p,t. Using the relations 
among tt, the i'o,p,p' and the i'o,p,oo established above, it suffices choose a par- 
tition p G ^P(t), and evaluate t*5tp(fc). Suppose, then that p = {0 = to < ^1 < 
^2 < • • • < tn-1 <tn= t}. Then 5tp(fc) = 8{I®I®- ■ -^I^k) = S®I®- ■ -^I^k 
and t;5tp(fc) = Pt-t„_i (-Pt„_i-t„_3 (• • • {Pti {8)1) ■ ■ ■ )I)k = Pt{8)k, by the semi- 
group property of {Pt}t>o- Thus tp5tp(fc) = Pt{8)k for all p G ^(t), and so, in 
the limit, i*t8it{k) = Pt{8)k. 

Of course, setting 5 = / in equation (|l^) shows that {Tt}t>o is fully coiso- 
metric. ■ 

This result is really not special to our given Markov semigroup {Pt}t>o', the 
next result is a converse which shows that completely contractive representations 
of product systems of correspondences over a von Neumann algebra N always 
define completely positive semigroups on A/"'. 
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Theorem 3.10 Let M he a von Neumann algebra acting on a Hilbert space H, 
let {E(t)}t>o be a discrete product system of Af- correspondences, and let {Tt}t>o 
be a completely contractive representation of {E{t)}t>o on H. For S £ A/"' and 
t > 0, define 

Then {Qt}t>o is a semigroup of normal, contractive, completely positive maps 
on J\f' . Further, {Qt\t>o is unital if and only if {Ttjoo is fully coisometric, 
and {Qt}t>o is a semigroup of *-endomorphisms if {Tt}t>o is isometric. 



Proof. Most of the result is proved in Proposition 2.21 . We simply need to 
note that Tq is a normal ^-representation of A/" on iJ and that for each t > 0, 
(TtjTo) is a completely contractive covariant representation of E{t) on H. All 
that really requires attention is the fact that {Qt}t>o is a semigroup, i.e., that 
&t+s = 6to6s- However, the multiplicativity of {Tt}t>o implies that for s, t > 0, 
Tf_|_s = Tt{lE(t) ®Ts) and from this we see immediately that Qt+s — ©* o0s- 



We note in passing that if the 8t are multiplicative, then by Proposition |2. 21 
the E[t) decompose into the direct sum E{t) = E{t)' © E{t)" so that Tt\E{t)' is 
isometric, while Tt\E{t)" is zero. The multiplicativity of the Qt forces relations 
among the qt, where qt is the projection of E{t) onto E{ty, but we shall not 
dwell on these here. 



In the presence of Theorems 3.7 and 3.9, we are able to state and prove our 



dilation result, which is a semigroup analogue of Theorem 2.24 



Theorem 3.11 Let A4 be a von Neumann algebra acting on the Hilbert space 
H and let {Pt}t>o be a semigroup of normal, unital, completely positive maps 
on A4 such that Pq is the identity mapping on M. Further, let {E(t)}t>o be 
the product system of M' -correspondences associated with {Pt}t>Q, let {Tt}t>o 
be the identity representation of {E{t)}t>Q on H and let {{Vt}t>a,UQ, K) be the 
minimal isometric dilation of {Tt}t>a. We write p for Vq, thereby obtaining a 
normal *-homomorphism of A4' into B{K) and we set TZ equal to p{Ai'y . Then 
UqTZuq ~ A4, and if we define {at}t>a by the formula 

at{S) = Vt{lEit)<E>S)V;, 

S G TZ, t > 0, then {at}t>o is a semigroup of unital, normal, *-endomorphisms 
of 7^ such that for t > 0, S £ TZ, and T e M, 

Pt{u^Suo) ^ UQat{S)uo (17) 

and 

Pt{T) = ulat{uoTul)uo. (18) 

Proof. Since {Vt}t>o is a completely contractive covariant representation 
of {E(t)}t>o on K, we know that Vo = p is a normal *-homomorphism of M' 



on K. Further, from Theorem 3.10, with J\f = A4', we see that {at}f>o is a 
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semigroup of normal *-endomorphisms of TZ (= p{M'y) that are unital because 
{Vt}t>o is fully coisometric. 



By the definition of Vb in the proof of Theorem 3.7 we see that p{a)us{rj®h) = 
Vb(a)ws(?7 ® h) = Us{ar] (8) h), for aU a G M' , s > 0, and rj ® h e E{s) (X) 
H. This implies that the range of each Us reduces p{M') and, in particular 
that the restriction of p{M') to uo{H) is unitarily equivalent to the identity 
representation of M'. Specifically, since p{a)uo{h) = uo{ah), for all a G M\ 
h G H, a ^ ulp{a)ua, a G M' . Thus, M' = Uqp{M')uq, so by the double 
commutant theorem, A4 = Uqp{A4')'uq — UqTZuq. Moreover, from Theorem ^3.9| 
and equation (^, we see that for all S e TZ, 

PtiuQSuo) = Tt{lE(t) ® KSuo)Tt 

UoVt{lE(t) ® Uo){lE(t) ® UQSuo){lE{t) <8) UQ)Vt*Uo 

= KVt{lE(t) ® U(iulSuoul)Vt uo 

= UQUoulVt{lE(t) ® uqUq){I ® S){lE{t) <^ uoUQ)Vt.*uoUQUo 
= UQUQU^Vtil ® S)Vi*uoUqUq 
= UQUQUQat{S)uoUQUQ 



where the second and fifth equations are justified by Remark 3.8 and where the 
fourth and sixth equations are justified by the fact that the final projection of 
uq is uqUq. Equation ([l8| ) can be verified similarly, or directly from equation 

&■ ■ 



4 Minimality and Continuity 

Our goal in this section is to show that under the hypothesis of separability 
on the Hilbert space H and the hypothesis of weak continuity on {Pt}t>o in 



Theorem 3.1l|, the Hilbert space K that is produced there is separable and 



the semigroup {at}t>o is weakly continuous. That is, {at}t>o will be an Eq- 
semigroup. Therefore, throughout this section, we make the blanket assumption 
that our underlying Hilbert space H is separable and that our semigroup of 
normal, unital, completely positive maps {Pi;}t>o on Ai is (weakly) continuous 
in the sense that for all T G and vectors /ii,/i2 G H, the function t 
{Pt{T)hi,h2) is continuous. Note that since the cr-weak topology coincides 
with the weak topology on bounded subsets of a von Neumann algebra, our 
continuity assumption on {Pt}t>o is tantamount to assuming that {A4, {Pt}t>o) 
is a quantum Markov process. Our arguments will be broken into a series of 
(somewhat technical) lemmas and propositions. Basically, we will distill for our 
use salient features of [|[ ||] and |^ . The first proposition is a generalization of 



some observations due to D. SeLegue in |21, Section 2.7] when M = B{H). We 
offer somewhat different proofs. 
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Proposition 4.1 (^21])Under our standing assumptions on {Pt\t>o, the fol- 
lowing assertions are valid: 



1. The map t — > Pt{X) is strongly continuous for all X G A4; i.e., for all 
h ^ H , t Pt{X)h is continuous from [0, oo) to H . 

2. Given a sequence {Xn} C M that converges in the weak operator topology 
to X , and given a sequence {injJ^Li ^ [Oi converging to t, the sequence 
of operators {-Pt„(^n)}^i converges to Pt{X) in the weak operator topol- 
ogy, i.e., {Pt}t>o is jointly continuous in the weak operator topology. 

Proof. For 1., first note that it suffices to prove the assertion when X = 
U is unitary and it suffices to show that Pt{U)h Uh for every h ^ H 
as i — > 0. Then observe that for any vector h d H, hnit^o ll^t(C^)^ll = 
\\h\\. For if not, then the liminf ||Pt(?7)/i|| is strictly less than Since 
\{Pt(U)h,Uh)\ < \\PtiU)h\\, the liminf |(P4(C/)/i, {7/i)| is strictly less than \\h\\, 
also. However, by our hypothesis on {Pt}t>o, {Pt{U)h, Uh) {Uh, Uh) = \\h\\. 
Thus limt^o ||^t(C^)^|| must be \\h\\. But then we see that for all h G H, 
\\Pt{U)h-Uhf = {Pt{U)h-Uh,Pt{U)h-Uh) = \\Pt{U)hf-2Re{Uh,Pt{U)h)- 
\\Uh\\ tends to zero, as i — > 0, as required. 

For 2., observe that the normality of Pt means that there is a unique bounded 
map Vl/t such that Pt = ^fj. The uniqueness and the fact that {Pt}t>Q is a 
semigroup imply the same is true for {^t}t>o, i.e., = 'I't^'s- The continuity 
of {Pt}t>o in the weak operator topology and the fact that {Pt}t>o is uniformly 
bounded imply that ojoPf.{X) is continuous in t for all X € and all E Al*. 
If we write the pairing between and A4 by (•, •) as we shall, then this means 
that (^'t(cL'), X) is continuous in t for all X; i.e., {^'t}t>o is weakly continuous on 
A^*. But A^* is separable and so by |10, Corollary 3.1.8], the semigroup {^'t}t>o 



is strongly continuous on A(*, i.e., for all uj e Al*, ||^'t(t^) — — * 0, as 
t s. This means, in particular, that if LUh is the vector state associated with 
the vector h E H, then \\ujh o — uj^ o P^W ^ as i ^ s. So, if {Xn}^^i is a 
sequence in A4 that converges weakly to X E A4, and if t„ — > t, then 

\(Pt^{Xn)h, h) - {Pt{X)h, h)\ = \LUh O Pt„(X„) - LUh o PtiX)\ 

< \iUh O Ft„(X„) - LOh O Pt{Xn)\ + \uJh O Pt{Xn) - LOh O Pt{X)\ 

< \\ujh o Pt„ - iUh o PtII \\XJ + \{Pt{X,, - X)h, h)\. 

Since the norms of the Xn are uniformly bounded by the uniform boundedness 
principle, this inequality shows that Pt^(X„) — s- Pt{X) in the weak operator 
topology, as required. ■ 

Proposition 4.2 Under our standing separability and continuity assumptions. 



the Hilbert .space K in Theorem 3.11 is separable 



Proof. Recall from the proof of Theorem 3.7 that K is defined to be the 
inductive Hmit linj(£'(t) ®To H,ut^s)- Since the sequence of spaces, {E{n) 
H}n>o, is cofinal in {E{t) (^Tq H}t>Q, it suffices to show each space E{t) (^To H 
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is separable. However, each space E{t) is isomorphic to CM{H,Ht) by Lemma 



3.1, So, if we can show that Ht is separable, then E{t) will be separable in the 
(T-topology (which is the same as the cr-weak topology by Proposition |2.3|.) But 
then, of course, E{t) (^To H will be spanned by a sequence {X„ ® hm}m,n>o, 
where the Xn run through a countable set that is dense in E(t) in the cr-topology 
and the hm run through a countable dense set of H, and so E{t) (^Tq H will be 
separable. Thus we need to show Ht is separable. 

Now Ht is, itself, an inductive limit Im^ iH^ t. p p') where p and p' range 
over ?P(t), and p' refines p. The normality of the Pt enables one to see that each 
Hp t is separable and the weak continuity of {Pt}t>o enables one to replace ^|5(t) 
with a countable (but not, strictly speaking, cofinal) subset. From these two 
observations the separability of Ht follows. Here are the details. 

To see that H^ t is separable, first observe that M H is separable for 
any t. For this, it suffices to show that if {T„}„>o is any sequence that is 
strongly dense in the unit ball of M. and if {/in}n>o is any dense sequence of 
vectors in iJ, then any decomposible tensor, T ^ h, with T in the unit ball of 
A4, is in the closure of {T„ (3 hn}n>o- So, passing to subsequences, if necessary, 
assume that T„ — > T strongly and that hn ^ h. Then Tn ® hn — T ® h = 
{Tn-T)®h + T®{K~h) + {T-Tn)®{K-h). However, ||(r„-T)®/if = 
{h,Pt{{Tr, - T)*{T„ - T))h) ^ because T„ ^ T strongly and Pt is normal. 
On the other hand, \\T (g) {hn - h)f = (/i„ - h, Pt{T*T){hn - h)) ^ because 
hn h in H . Finally, since hn ^ h in H and since T„, T, and their images 
under Pt are all bounded in norm by 1, we see that \\{T — Tn) ® (/i — = 
(h - K,Pt{iTn - T)*{T„ - T)){h - K)) < 4 - /i„f 0. This shows that 
Tn ® hn ^ T eg) /i as required. Now the proof that each Hf, t is separable is 
proved by iterating this argument. 

Let ^o(i) be the collection of those partitions p G ^5(i) whose points lie 
in tQ n [0,<]. Observe that *Po(i) is countable and write Ht for the union 
U{wo,p,oo(^^p.t) I P G *Po(i)}- Then Ht is the countable union of separable 
Hilbert spaces and so its closure is separable. We will show that its closure is 
all of Ht- For this purpose, it suffices to show that if p is an arbitrary partition 
in ^(i), then wo.p,oo(-ffp,t) is in the closure of Ht. This, in turn, will be clear 
if we can show that if p = {0 = <o < < ^2 < • ■ ■ < ^n-i < tn = t} and 
if {pm}m>o = {{0 = s(to)o < s{m)i < s{m)2 < ■ ■ ■ < s(m)„_i < s(to)„ = 
0}m>o is a sequence of partitions in ^o(t) such that linijn^oo s{m)k = tfe for 
every k, then for every ri-tuple Ti,T2, • ■ • ,Tn & M. and every h G H, 

Jim^«o,p„,^Ti ®p^,„,^ T2 ®p,(„)^_(„,^ • ■ • ®P._.(„,„_, h = 

To verify this equation, it suffices to assume that s{m)k — tk for all m and 
for all k but one. So, in fact, it is enough to verify the desired limit when 
p = {Q = to < ti < t2 = t} and when each pm is of the form {0 = s(m)o < 
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s(m)i < s{m)2 = where s(m)i < ti. In this event, we have 



^0,p,oo 

- {h, Pt^t, {Pt,^si.r)AT;Ps(m), {TlT,)T2)h) 

- (/l, Pt-t, [T^Pt.-sim), (Psim), iT^T,)T2))h) 

-{KPt-tAnPtAT:T^)T2)h). 



A moment's reflection reveals that assertion (2) in Proposition 4.1 shows that 
this expression tends to zero as m — *■ 00. ■ 

Our next goal is to show that {at}t>o is a minimal dilation of {Pt\t>o in 
the sense of To explain this, recall that a projection q G 7^ is increasing 
relative to {at}t>o in case at{q) > q for all t >0, i.e., the family {at{q)}t>o is an 
increasing family of projections. We will show that uqUq is increasing. (Recall 
that from the proof of Theorem 3.11, uqUq G TZ.) A projection q G 7^ is called 
multiplicative in case the map X qat{X)q is multiplicative on TZ for each 
i.e., qat{-)q is a (non-unital) endomorphism of TZ. To say, then, that {oit\t>o is 
minimal is to say that there is no multiplicative, increasing projection q £ TZ 
that dominates uqUq, i.e., such that q > uqUq. 

We note in passing that in || Arveson assumes that {at}t>o is weakly 
continuous. However, this is not necessary for the definition of minimality. That 
is, minimality makes sense without assuming that {af}t>o is weakly continu- 
ous. Here, minimality will be used to show that the {at}t>o we constructed in 
Theorem 3.11 is weakly continuous. 



Lemma 4.3 With the notation of Section 2, we have, for all t > 0, 

1. V^Uq = [It ® Uq)T^ , where It denotes the identity operator on E{t). 

2. \/{{It ® X)f*h \XeM,heH} = £t ^M' H. 

3. \J{{It ® Y)Vt*h \Y eTZ,heH}=£t ^m' K. 

4. \l{at{Y)u^h \Y eTZ, heH} = \/{Vt{X)k \ X e £t, k e K} 



Proof. (1) This is an easy consequence of Remark 3.8. Indeed, from the first 



part of that remark, we know that Uq Vt(/ (8) Uq) = Tf. So, (/ (g) Mo)*K*Wo = T^. 
Therefore, (J® uoUo)V^*wo — {I®Uo)Tt. On the other hand, the second part of 
the remark shows that (/(>5moUq)V^*mo = (/®uo"o)^t*(''^o"o)"o — K*('"o'^o)'"o = 
Vt*UQ, so that Vt*Uo = {It <X) uo)!"*. 

(2) Here, 8t is embedded as a subspace of E{t) and so £t ® H is contained 
in E{t) (X> H. To show the desired equality, first note that ii h E H and if 
p G ^{t), then Lp{h) — I(S^I®---(E)I^h. (See the discussion after Remark 



[) If we let po — {0 = to < ti — t}, then in the notation developed between 
Remark and Theorem 3.9, we have vo^p„,p{I ® h) = Lp{h). So, for S G A4, 
SLp{h) = 5 (g) / (X) • • • ® / <X) = wo,po,p('5' <S>h). By identifying M®p^II with a 
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subspace of i?p,t, we write SLp{h) E A4 H, S E M. Since this holds for all 
partitions p € ^(t), we have 

Sit{h) eM(E)p,H, (19) 

for all S E Ai and t > 0. Now fix an element of E{t) ® H that is orthogonal to 
£t ® H and write it as 'Y^Xi ® hi, Xi E E{t), hi E H. Then for every X E £t 
and fc e -ff, = {X(E)k,J2X^(g)h,) = J2{k,X*X,h,) = {X{k),J2X^{h^)). Since 



\/{X{h) I X E Cm{H,M®p, H) = £t, h E H} = M H, by Lemma |2.10 
we see that 

Y,X^{h^)^{M(g>P,H)^. (20) 

However, we have just shown above that M.Lt{H) C M ®p^ H. Hence, for 
S E M and h E H, 

((/ (g) s*)?;/!, y X, /i,) = {f;h, y X, s**/!,) 



(/i,t*(y x,(5*;.,))) = {h,c;{s*Y.x,{h,))) 



= {Sit{h),Y,Mh^)) ^0, 

where the last equation follows from ( p^ ) and (pO|), and the preceding one follows 
from the fact that the Xi are A^-module maps, i.e., they commute with elements 
of M. This equation thus shows that [(/ (g) M)TfH] is contained in £t €5 H. For 
the reverse containment, fix an element ^ ® /i^, Xi E £t, hi E H, that is in 
£t®H but orthogonal to [(/ ® M)f^H]. Then for every S E M and e i/, 
the last equation shows that = ((/ S)T;h,Y,Xi ® h) = {SLt{h),Y, X^{h)) . 
This shows that ^Xi(/i) is orthogonal to M ®p^ H. Since Xi E £*, Xi{hi) E 
M^p^ H for all i and, so, ^ ^^(/i) = 0. However, <S'hi,J2 Xj ® hj) = 

= = \\Y.X^{h)\\' = 0, and so Y.X^ ® 

hi = as was to be proved. 
(3) From (1) we may write 

(/ ® n)v;uoH = (/ ® 7^)(/ uo)f;H = (/ ® nuo)f;H. 



As we noted in the proof of Theorem 3.11, mqUq lies in TZ. Consequently, TZuq 



TZuoUqTZuo = TZuqA4. So, using (2), we conclude that 

[(/ n)Vt*uoH] = [(/ ® 7^^to)(/ ® M){I (g> ua)f;H] 

= [{I ® nuo){£t ® H)] =£t® [TluoH]. 

Now let p be the projection of K onto [TZuq]. Then p E W = p{M')" = /o(X'); 
i.e. p = p{pq) for some projection pq E M' . However, pK contains uqH and 
p{pq) acts on upi? by p{po)uoh = uapah. Hence pq — I and so p — I. Thus 
[Tewoi?] = K and so [(/ «) n)Vt*uoH] =£t®K. 

(4) The last assertion follows from the previous one and the definition of at'. 

[at{n)uoH] = [Vt{I ®n)V:uoH] = [Vt{£t®K)] = [Vt{£t)K]. 
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Lemma 4.4 Let qt be the projection from K onto [at{TV)UoH]. Then qt lies in 

TZ and qtQ.t{qs) is the projection onto [Vt+s{£t 8) £s)K]. 

Proof. The previous lemma shows that qt is the projection of K onto 
[^(^t)-f^]- Thus qt lies in TZ = p{M')' . Also, the range of qt, which is 
[at{TZ)uoH\ is clearly invariant under atiJZ)\ i.e., qt € atiJZ)' ■ Thus, in partic- 
ular, qt commutes with at{qs)] so we see that qtcttiqa) is a projection. We need 
to show that qtat{qs) has range \Vt+s{£t ® £s)K]. For this purpose, observe 
that the range of at{qs) is Vt{I ® qs)V*K = Vt{I (E) qs){E{t) (g) K) = Vt{E{t) (g) 
qsiK)) = VtiEit)^[Vsi£s)K]) = [VtiE{t))Vsi£s)K]. Clearly, [Vti£t)Vsi£s)K] C 
[Vt{E{t))Vs{£s)K] n [Vt{£t)K]. We claim that, in fact, the two subspaccs coin- 
cide. To sec this, let w be the isometric embedding of A4 (S^p^ H into iJj, view 
Jv[®p^ H &s & subspace of Ht and view £t as a subspacc of E{t) (i.e. omit ref- 
erence to the canonical embeddings.) Also, identify Cji4{H, Ht) with E{t) and 
Cm{H, ®Pt H) with £t, as we have throughout this paper. Then the map p 
on E{t) = Cm{H, Ht) defined by the formula p{X) = ww* o X, X G E{t), is a 
projection in C{E{t)) with range £t. For elements Vt{Xi)Vs{Yi)ki, i = 1,2, in 
[Vt{E{t))Vs{£s)K],^e\i&Ye 

{Vt{X^)Vs{Y^)ku Vt{pX2)Vs{Y2)k2) = {Vt{Xi ® Vt{p{X2) ® Vs{Y2)k2)) 

= {X, ® Vs{Yi)ki,p{X2) O Vs{Y2)k2) 
= {V,iYi)ki,p{X* o wiv* o X2)Vs{Y2)k2) 

= {Vs{Yi)kup{p{Xi)*X2)VsiY2)k2) 

= {p{Xi)(S'Vs{Yi)ki,X2C?)Vs{Y2)k2) 

= {V, {p{X,))Vs {Yi)k, , V, {X2)Vs {Y2)k2). 

Thus, the map Vt{X)Vs{Y)k Vt{p{X))Vs{Y)k is selfadjoint and, therefore, is 
the orthogonal projection from [Vt{E{t))Vs{£s)K] onto [Vt{£t)Vs{£s)K]. Write 
q for this projection. A similar computation shows that the projection from 
[Vt{E{t))K] onto [Vt{£t)K] is given by the formula Vt{X)k Vt{p{X))k. How- 
ever, this projection is just the restriction of qt to [Vt{E{t))K]. We can then 
restrict qt further to [Vt{E{t))Vs{£s)K] and then the restricted image will clearly 
be [Vt{E{t))Vs{£s)K] n [Vt{£t)K] (because at{qs) commutes with qt). Also, by 
the definition of q, this restriction of qt is just q and so its image is [Vt{£t)Vs{£s)K]. 
Thus the range of qtat{qs) is [T4(£t)F«(f.)if] = [Vt+s{£t ® £s)K]. m 

Now let p = {0 = to < < ^2 < • • • < tn-i <tn=t}hea, partition in ^{t), 
write qs for the projection onto [as{'R)uoH], as in the last lemma, and set 

qp,t ■= «f-t„-iat-t„-i(9i„-i-t„-2) • • •a^2-^l(<^^l)• 
Repeated use of the last lemma shows that qp^t{K) ~ [yt{£t-t„-i '^£t„-i-t„-2 
• • • (g) £ti)K] = [Vt{£M{H,Hp^t))K]. Thus, it is clear that the qp^t increase as 
the partitions p are refined and since E{t) — limCM{H,Hpj), wc see that they 
converge strongly to the projection onto [Vt{E{t))K]; call it qt- However, since 
Vt is a coisometry, we see that K = [Vt{E{t)^K)] = [Vt{E{t))K]. Thus, = I, 
t > 0. 
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Observe that is the same projection defined by Arveson in Section 3 of Q . 
He uses a shghtly different indexing scheme for the partitions that enter into his 
Qp^f, but a moment's reflection reveals that his qp^t are the same as ours. 

Proposition 4.5 The semigroup of endomorphisms, {Q!t}t>0) ofTZ is minimal. 

Proof. As Arveson indicates in §3 of Q (see page 575, in particular), since 
we have shown that the projections q^ are all equal to /, it remains to show that 
at(uoMo) /, as i — > oo. However, for each t > 0, ^((uoMq) is the projection 
onto [Vtil uou*o)Vt*K] = [Vtil ® uou*o)E{t) (g> K] = [Vt{E{t) (g, uou*oK)] = 
[Vt{E{t))uQH] = ut{E{t) ® H), where, recafl, ut is the embedding of E{t) (g) H 
into K. Since the spaces Ut{E{t) ® H) are nested and have span equal to K , we 
conclude that the projections at{uQu'^) increase to /. ■ 

Let p+ be the projection of K onto the span 

ati(uoai"o)at2 (^002^2) ' ' ' <^t^iuoanul)uoh \ G M,h e i7, and ti > 0} 

and let be the von Neumann algebra generated by {at{uoUQTZuQUQ) | t > 0}. 
Then, as Arveson shows in Proposition 3.14 of p+ is the largest projection 
in the center of 7?._|_ that dominates uqUq and, as he shows in Theorem B of 
because {at}t>a is minimal, p+ = I. (Note: In the proof of ||^, Theorem B], 
Arveson assumes that TZ is a factor. However, this assumption is not necessary 
for the implications spelled out there that we have used.) Thus we have 

Corollary 4.6 The von Neumann algebra TZ is generated by {at{uoUQTZuoUQ) | 
t > 0} and K is the span Y{atj (woaiWo)af2 (mo«2Uq) • • ■ at^{uQanUQ)uQh \ Ui € 
M, he H, and t, > 0}. 

We let A denote the C*-algebra generated by {at (uow^T^-wo^o) | ^ > 0}. 
Then ^ is a translation invariant C*-subalgebra of TZ that generates 7^ as a von 
Neumann algebra. To show that {af}t>o is weakly continuous on TZ we show 
first that it is weakly continuous on A and then promote the weak continuity 
there to all of TZ. For this purpose, we begin with the following result proved by 
SeLegue ||2l[ in the context when A4 = B{H). Our proof is somewhat different. 

Proposition 4.7 (J2^, Proposition 2.27]) For every T € M, (^((moTuq) 
UqTuq in the strong operator topology as t 0+. 

Proof. Fix T £ M and k £ K and then 

\\{at{uoTuQ) ~ uoTuq)/c||^ = {{at{uQT*Ua) - uoT*Ua){at{uoTuQ) - UQTul)k, k) 

= {at{uoT*Tu*f^)k,k) - {at{uoT*ul)uQTulk,k) 
- {at{uoT*UQ)uQTuQk, k) + {uoT*TuQk, k) 

to realize that it suffices to show that atiuoTuQ) — > uqTuq in the weak operator 
topology as t ^ 0+ for every T G M. However, since we have shown that 
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{<Xt}t>o is minimal and since {cxt}t>o is uniformly bounded, we may apply 



Corollary 4.6 to assert that it suffices to show that 

(Q!t(uoTuo)fci, fc2) ^ {uoTu^ki,k2) 

for all T g and all vectors ki of the form at^ {uoaiUQ)at2 (^002^0) • • • at^ (Moa„itQ) 
uoh, h € H, ai £ M, and ti > 0. Note, too, that if any tj — 0, then 
at^. (itoaiMQ)at^^j (uoa2Uo) • • ■ at„{uoanUQ)uoh lies in H and so we may assume 
for the discussion that every ti > 0. Also, let t be the minimal number among 
the ii's. Then we may write (uoaiUo)at2 (""0121*0) ''' o^tn ('"oinWo)'"o^ as 
«((••• )uoh. That is, at^ {uoaiUQ)at2 (^002^0) • • • at^ {uoanUQ)uoh is in the cyclic 
subspace [at{TZ)uoh]. Thus, we may assume that ki = ar{R)uQhi and that 
k2 = as{L)uoh2, where R and L are in TZ, the hi are in H and r, s > 0. We 
need to show that for T E A4, 

{at{uQTu^)ar{R)uohi, as{L)uoh2) {uoTuQar{R)uohi, as{L)uoh2) 

as i — > 0+. For this, we may assume at the outset that the <'s under considera- 
tion are all less t han r and s. Further, since at (uoMq) > uqUq as we saw in the 



proof of Theorem 3.11 , we find that 



{at{uoTuQ)ar{R)uohi, as{L)uoh2) = {at{as-t{L*)uoTular-t{,R))uQhi,UQh2) 
= {at{as^t{L*)uQTular-t{R))at{uQul)uQhi,at{uoul)uoh2) 

= {at{ut^ulas^t{L*)uoTular-t{R))uoul)uohi,uoh2) 
= {atiuoPs-t{uoL*uo)u^uaTuQUQPr-tiu^Rua)u^)uQhi,UQh2) 

= {Pt {Ps-t{ulL*Uo)TPr^t {u*oRuo))h, ,h2). 



By the first assertion in Proposition <L1, the functions t — > Ps^t{u^L*uo 



and t — > Pr-t{u'^RuQ) are strongly continuous. Consequently, the function 
t — > Ps-t{uQL*uo)TPr~t{uQRuo ) is weakly continuous. Therefore, applying the 



second assertion in Proposition 4.1, we see that 



{Pt{Ps-t{uQL*uo)TPr-t{uQRuo))hi,h2) {uoTuQar{R)uohi,as{L)uoh2), 

completing the proof. ■ 

Let TZo '■= {R € TZ \ limi_,o+ cxt{R) = i? in the strong operator topology}. 
Then, since {at}t>o is a semigroup of *-endomorphisms of TZ, TZq is easily seen 
to be a *-subalgebra of TZ. In fact, since \\at{R)k — Rk\\ < ||af(S')fc — Sk\\ + 
WatiR - S)k - (i? - S)k\\ <2\\R-S\\ \\k\\ + \\at{S)k - Sk\\, we see that any R 
in the norm closure of TZq already is in TZq. Thus, TZq is a C*-algebra. This 
C*-algebra contains uqAAuq by the preceding proposition. But also, since each 
ar is a normal *-endomorphism of TZ, we see that TZq contains ariuQAdug) for 
all r > 0. Indeed, the proposition shows that for each T € A4, at{uoTuQ) — > 
UqTuq strongly as i 0+. Therefore, since is normal, ar{at{uoTuQ)) — *■ 
ariuoTug) strongly, as t 0+. Since ar{at{uoTuQ)) — at{ar{uQTu}^)), we see 
that at{ar{uQTuQ)) ar{uoTuQ) strongly, as i ^ 0+. Thus, TZq ^ A and so 
TZq is weakly dense in TZ by Corollary |4.6| . We are therefore well on our way to 
showing that TZq = TZ. For this, we need the following lemma. 
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Lemma 4.8 The at, for strictly positive t, are jointly faithful on TZ, i.e., 



n{ker(at) \ t > 0} ^ {0}. 

Proof. The kernel of each at is a 2-sided, cr-weakly closed ideal in TZ. Thus 
so is n{ker(at) \ t > 0}. Hence, we may write n{ker(at) \ t > 0} = qTZ for 
some central projection q in TZ. Since for R d A we have at{R) —> R strongly 
as < — > 0+, we conclude that A n qTZ — {0}. Since A generates 7?. as a von 



Neumann algebra by Corollary 4.6, we conclude that q~0 



We have arrived at the main theorem of the paper. 

Theorem 4.9 Let {M., {Pt\t>o) be a quantum Markov process and assume that 
M acts on a separable Hilbert space H . Then the discrete dilation {K, TZ, {at}t>o. 



Uq) constructed from {Pt}t>a in Theorem 3.11 is an E^-dilation; i.e., {at}t>o 
is weakly continuous. 

Proof. By Proposition |4.2| , K is separable and so the predual of TZ, TZ^,, 
is separable as a Banach space. We will write the pairing between TZ and 
TZf, as (■,•), i.e., {uj,R) ~ i^{R), £ TZ^,, R ^ TZ, as we did in Proposition 
[4.1[ However, here we write ^t for the pre-adjoint of at, i.e., 5't(w) = lo o at 
for all iu e 7?.*; so {'^t{ijj),R) = {uj,at{R)). Since the cr-weak topology on 
B{K) agrees with the weak operator topology on bounded subsets, we see from 



the discussion following Proposition 4.7 that for all uj € TZ* and all R G TZo 



the function t {uj,at{R)) is continuous. However, if i? 6 7^ we may find 
a sequence {Rn}'^^i in TZq that converges weakly to R. Consequently, the 
function t — s- {uj,at{R)) is the pointwise limit of the sequence of continuous 
functions t (cj, at(i?„)}. Therefore t — > {uj,at{R)) is measurable for each 
w e 7^* and each R G TZ. That is, the semigroup of Hnear maps {vE't}J>o on 
7^» is weakly measurable with respect to the duality between 7?.* and TZ (See 
Definition 3.5.4].) Since 7?.* is separable, Theorem 3.5.3 of implies 
that t —>■ 4't(a-') is strongly measurable as an 7^,-valued function. Thus, in the 
terminology of [jll]. Chapter 10], {^'t}J>o is a strongly measurable semigroup 
of linear maps on 72.*. But then. Theorem 10.2.3 of ||ll| shows that at least 
for t strictly larger than zero, the function i — > is strongly continuous; i.e., 
for each w £ 7?.* the 72*-valued function on (0, oo), t ^t(w), is continuous 
with respect to the norm topology on 72.*. To extend the continuity to all of 
[0, oo), let 72, be the closed linear span Vl^tC"^*) \ t > 0}. If 72, is not all of 
72.,, then there is an i? G 72 such that {uj,R) — for all uj G TZ*. This means 
that for allt > and all lo £ 72,, {uj,at{R)) = (^'t(w),i?) = 0. Thus, R is 
in the kernels of all the at. However, Lemma implies that i? = 0. Thus, 
72., is all of 72,. Now we can appeal to Theorem 10.5.5 of l|ll| to conclude that 
lim^o+ ll^t(^) ~ ^11 = 0. Consequently, for all w £ 72,, and i? £ 72 we see that 
(cj, at{R)) = (^((tj), R) {uj, R)a.st^ 0+, which is what we wanted to prove. 
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